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Long ago, when shepherds wanted to see if two herds of sheep were isomorphic, they
would look for an explicit isomorphism. In other words, they would line up both herds
and try to match each sheep in one herd with a sheep in the other. But one day, along
came a shepherd who invented decategorification. She realized one could take each herd
and ‘count’ it, setting up an isomorphism between it and some set of ‘numbers’, which
were nonsense words like one, two, three... specially designed for this purpose. By
comparing the resulting numbers, she could show that two herds were isomorphic without
explicitly establishing an isomorphism! In short, by decategorifying the category of finite
sets, the set of natural numbers was invented.

According to this parable, decategorification started out as a stroke of mathematical
genius. Only later did it become a matter of dumb habit, which we are now struggling to

overcome by means of categorification.

John Baez, Categorification



Introduction

The process of categorification is difficult to describe. The easiest way to do it is saying
that it consists in replacing elements of set theory with elements of category theory. The
most common way to intend it is as the opposite of the (very natural) process of decat-
egorification, which consists in identifying isomorphic objects in a category as equal. It
follows that categorification is finding a way to see sets as isomorphism classes of some

category, whose structure has to be as consistent as possible with the one we had on sets.

One of the most common examples is considering Set (the category of finite sets) as the
categorification of N, in which two sets are isomorphic if and only if they have the same
cardinality. In this setting, the usual operations +, - become respectively the coproduct
(disjoint union) and the product (cartesian) of the category, so these notions categorify
the operations of N (up to natural isomorphisms). These kind of identifications happen
(and we want them to happen) in any categorification.

Basically, the idea is to translate sets into categories, functions between sets into functors
between categories, equations between functions into natural transformations between

functors, and any extra structure accordingly.

Of course, this is not easy, since there is no foolproof way to find the right category for a
given set. In fact, when we decategorify we lose a lot of information (for instance, while
we still know two objects are isomorphic, we forget the explicit isomorphism), and there
is no “good” way to recover it. Thus, while decategorification is a systematic process,
categorification isn’t - there is a creative part. One may even wonder why do we do that
in the first place, and the answer is that categorifying some structure is, in some sense,

finding the right way to look at it. To quote Urs Schreiber,

One knows one is getting to the heart of the matter when the definitions in terms of

which one conceives the objects under consideration categorify effortlessly.



This means that, when categorifying, important requirements and properties are usually
highlighted and this often helps extending or using the categorified notion in a very broad
setting. We recommend [MGS08] to further expand this concept.

In this work we examine slo-categorifications, originally introduced by Chuang and Rouquier
in 2008 [CROS§].

To be able to understand what they do, we need some prerequisites. This is addressed
in the first two chapters: chapter one lists some tools that any reader with enough back-
ground should already be familiar with, so it may be skipped if desired, only to come back
to it if needed.

The second chapter focuses on (affine) Hecke algebras and some of their properties, which
have a central role in the structure we choose. In the third chapter we define weak and
proper sls-categorifications, showing how the given definitions categorify the very impor-
tant property of sls which states that for any n there is only one irreducible sly-module of
dimension n, and getting what we call “minimal categorifications”. Then, we show that
when a category admits an slo-categorification there is a derived equivalence between the

subcategories which categorify weight spaces.

In chapter four we mention an application of this equivalence, that is used by Chuang
and Rouquier to prove a theorem known as “Broué’s abelian defect group conjecture” in
the case of blocks of symmetric groups. We recall the elementary facts of block theory,
mentioning important results obtained by Rickard, Broué, Rouquier and others. We only
survey the basic facts of this theory because our aim is to mention the part of the proof
of Broué’s conjecture who relies on slo-categorifications, in order to see how this abstract
construction can be proved useful in a very concrete problem. Thus, we only try to give
the idea of what is going on, often skipping proofs and technicalities (about which we give

appropriate references).

II
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Chapter 1

Tools

1.1 Category theory

Notations

Given a category C, we denote by ObC the class of its objects, and given two objects A, B,
Hom(A, B) is the class of all arrows in C {f : A — B}. Composition of arrows is denoted
either by juxtaposition or by the symbol o.

Given a functor F : C = D, A € Ob(, F(A) € ObD is given by the object function of F,
and given an arrow f : A — B, F'f denotes the arrow F'f : F(A) — F(B). We often omit
the parenthesis, writing F'A for F(A).

Given two functors G, F' : C — D, we say that G is a subfunctor of F' (we write G C F)
if for all objects A € ObC we have G(A) C F(A) (whenever this makes sense), and for all
morphisms f : A — B we have that G(f) is the restriction of F'(f) to G(A).

Given a natural transformation 7 : F' — G and an object A, we denote by
7a: F(A) = G(A)

the arrow that, according to the definition, makes the following diagram commutative.
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We also denote by Hom(F,G) the class of all natural transformations (“morphisms of
functors”) between F' and G.

We denote by 7 o o the vertical composition of two natural transformations. This means
that, given o0 : F — G, 7 : G — H, we define 7 0o 0 as the natural transformation given by
(Too)a=Taooa (as functions).

There is another composition of natural transformations, called horizontal composition.
Given G : A — B, H,J : B — C functors, and 7 : F — G, 0 : H — J natural

transformations, we have the following (commutative) diagram

IF(A)

H(F(A)) —= J(F(A))
Hta JTa

H(G(A)) J(G(A))

9G(A)
—_

We define the horizontal composition o7 : HF — JG as the transformation given by
taking (07)4 as the diagonal of this square. This is easily natural. Also, it is associative

and has the following properties (see [MLT71]):

e It has identities: given a functor F', we denote by 1 the identity natural transfor-

mation. Then 177 = 7 and ol; = o, where [ is the identity functor.

e o7 = (1y7)o(0lp) = (clg)o (1gyT)
The following definition is unrelated to the others, but it will be useful in chapter 2.

Definition 1.1.1. Let A; be a collection of objects in a category C together with a
collection of morphisms (fi; : A; = A;)i<;j. The inverse limit of these collections is the
data of an object A together with morphisms m; : A — A; such that m; = f;;m; which
satisfies the following universal property:

For all (B,1);) that satisfy the properties above, there exists a unique u : B — A that

makes the following diagram commutative
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We denote the inverse limit by A = li<£n A;.

Abelian categories
Recall the following definitions

Definition 1.1.2.
A € ObC is an initial object if for any object X € ObC there exists one and only one
morphism A — X.
B € ObC( is a terminal object if for any object X € Ob( there exists one and only one
morphism X — B.

Z € ObC is a zero object if it is both initial and terminal.

Definition 1.1.3.

Given X,Y € ObC, an object W is called the product of X and Y (denoted by X x Y') if
there exist arrows 7x : W — X, my : W — Y and it satisfies an universal property: for
any A € ObC(, for any couple of arrows fx : A — X, fy : A — Y there exists a unique

f+ A — W such that this diagram is commutative

A
yf\ﬁ
Y

X< WY

An object M is called the coproduct of X and Y (denoted by X [[Y) if there exist arrows
1x : X = M, 1y : Y — M and it satisfies an universal property: for any A € Ob(C, for
any couple of arrows fx : X — A, fy : Y — A there exists a unique f : M — A such that

A
’mey
|

X—M~<~—Y
1x ly

this diagram is commutative

Definition 1.1.4. A category C is additive if:

e For all objects A, B, Hom(A, B) is an additive abelian group, and composition be-

tween arrows is a bilinear map

e C has a zero object
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e For all objects A, B, there exists an object A® B := Ax B = A[[ B (such object is
both the product and the coproduct, often called a biproduct or a direct sum. Note

that this only applies to finite (co)products)
To define an abelian category we need to introduce the concepts of kernels and cokernels.

Definition 1.1.5.

Let C be a category with a zero object Z. It follows that for any A, B € Ob( there is a
special arrow 0 : A — B called the zero arrow, obtained via the composition A — Z — B.
The kernel of an arrow f : A — B is the data of an object S and an arrow k£ : S — A
such that

e fk=0

e For all objects C' with an arrow h : C — A such that fh = 0, h factors uniquely
through k& (there exists a unique h’' : C'— S such that h = kh')

The cokernel of an arrow f : A — B is the data of an object Q) and an arrow ¢ : B — Q)
such that

* ¢f=0

e For all objects P with an arrow h : B — P such that hf = 0, h factors uniquely
through ¢ (there exists a unique A’ : Q — P such that h = h'q)

Finally, we can now define an abelian category:
Definition 1.1.6. An additive category C is abelian if:
e C has all kernels and cokernels

e All monomorphisms are the kernel of some morphism, and all epimorphisms are the

cokernel of some morphism

A special example of abelian category, which is the one we will work with, is the category
of left (or right) modules over a ring R. In particular, if R is a left (or right) noetherian

ring, the category of left (or right) finitely generated modules over R is abelian.
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Definition 1.1.7.
Given two categories C, D, we define the product category C x D as the category with:

e Ob(C x D) = ObC x ObD (meaning pairs of objects)

e Homeyp((C, D), (C',D")) = Home(C, C") x Homp(D, D)
o (f,9)o(f,g)=(fof g°4)

o ld(¢ p) = (Idc, Idp)

Remark. With this definition, it is straightforward that if C and D are abelian, their
product is abelian too. In the case of abelian categories sometimes we may write C x D
as C o D.

Definition 1.1.8.
Let A, B,C € Ob(C. Then

e B is a subobject of A if there exists a monomorphism i : B — A
e (' is a quotient of A if there exists an epimorphism 7 : A — C

Note that by the definition we have (B,7) = ker(A — coker i), and likewise
(C,m) = coker(kerm — A), which means that subobjects are kernels of quotients, and

quotients are cokernels of subobjects. We often write A/B meaning coker i.

Definition 1.1.9.
An object A in C is simple if its only subobjects (resp. quotients) are 0 and itself.

Definition 1.1.10.
Given an abelian category C equipped with a tensor product ® and with a unit object .S,

a category D has a C-module structure if there is a triple (®, a,r) where
e ®:DxC — Dis a functor

o a: (X®K)®L - X@(K®L) , r:X®S—X
(where K, L € ObC, X € Ob D) are natural isomorphisms that make three coherence
diagrams (the four-fold associativity diagram, the unit diagram about the two ways
to define X®(S ® K) - X®K and a compatibility diagram X®(K @ S) - X®K)

commutative.
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We work mostly with categories of modules, so in cases where the categorical definition
would be a little difficult to manage we define some tools directly for A-modules, where
A is some ring. We mention the following theorem because it tells us that, in some sense,

we are not making a big mistake

Theorem 1.1.11 (Mitchell’s Embedding). Every smallPabelian category admits a full,
faithful and exact functor to the category A-Mod® for some ring A

Complexes and derived categories

Definition 1.1.12. Let C be an abelian category. A cochain complex A® in C is the data

of objects and morphisms
dn—l an dn+1
A% S X Sy Xt 2,

with the additional property that d o d?~! = 0 for all j € Z.
We define the cohomology of A® as

H"(A®) := kerb" (= cokera™})

where a” and b" are defined by the following diagram

coker ¢!
~N
~
Al
xn-1 dn—t X" dan X+l
> ~
~
an—1 SN
ker d"

This can be proved equivalent to the “usual” definition H"(A®) = kerd”/Imd"~!.
Definition 1.1.13. A complex C* is called acyclic if H"(C*®) = 0 for all n.

Definition 1.1.14.

A morphism ¢°® : A* — B*® of complexes is a collection of morphisms ¢, : A™ — B" such

%we haven’t mentioned the meaning of “small” so far, and we don’t really need to, since all categories
we work with are small. The interested reader can find it in [MLT71]
PThe category of all A-modules, not just the ones that are finitely generated
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that

dn—2 ATL—I dn—l ATL dn ATL+1 dn+1 .

ld)nl id)n l¢n+l

dn72 Bn—l dnfl Bn dn Bn+1 dn+1 o

is a commutative diagram.

Definition 1.1.15.

Kom(C) is the category that has the complexes in C as objects and the morphisms of
complexes as arrows.

Kom™(C) is the full subcategory © of complexes A® such that there exists k with A" = 0
for all n < k.

Kom™(C) is the full subcategory of complexes A® such that there exists k with A™ = 0 for
all n > k.

Kom®(C) is the full subcategory with Ob(Kom®(C)) = Ob(Kom™(C)) N Ob(Kom™(C)).

In the following we consider Kom(C), but any definition remains valid for any of the other
three.

The complex category contains the original one, in this sense: we can define the inclusion
functor as the functor I : C — Kom(C) in which for all objects A € C, I(A) = I(A)® with
I(A)° = A I(A)" =0ifn #0.

Definition 1.1.16. Let
0= Fr S prtl s 0

be a bounded complex of functors, where F' : C — C, C is an abelian category and d” is a
natural transformation for any r
Given any complex in C

M M2 M

“meaning that if it contains A® and B®, it contains all arrows in Hom¢(A®, B®)
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we can consider this (commutative) diagram

s Py T iy
dz}”j dl}”jJrl
. ——= Fi(MY) o Fi(MI+Y) — .

This allows us to define the total complex
F (M) = @ F'(M)
itj=Fk

where the differential 0 is given as

(i, (-0 Fi(3)))

ok = (afj) 7 ij . FU(M;) FHL(M) @ Fo (M)

and, if for any f®: M*® — N°® morphism of complexes we define

Fo(f®): F*(M®) — F*(N*®)
F*(f*) ¥ piagy) == F* ()

then we have that any endofunctor F' induces an endofunctor F'* in Kom(C).

Definition 1.1.17.
Given an integer k, the shift operator —[k] of Kom(C) (that gives an auto-equivalence of

this category) sends the complex A® to the complex A[k]® defined as
AlR™ = AR dypge = (—1)Fdae
and sends the morphism of complexes ¢*® to the morphism ¢[k]® defined as

olk]® : Alk]® — Blk]® : oK™ = ¢n+k
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Note that any morphism of complexes ¢® induces a collection of maps
H"(¢): H"(X®) —» H"(Y*)

in the obvious way. In abelian categories we have the following stronger result (see [GM02]

for the proof)

Lemma 1.1.18. If C is an abelian category and
0—A*—B*—C*
is a short exact sequence in Kom(C), then there is an induced long exact sequence
o= H"(A%) — H"(B*) — H"(C*) — H""1(A*) - ...

Definition 1.1.19.
The mapping cone (or just cone) of a morphism of complexes ¢°* : A®* — B*® is a complex
C(¢)® defined as:

e C(p)"=A[l]"® B"
° dC(¢>)-(An+1,B”) — (—dA(An+1),¢(A”+1) + dB(Bn))

Definition 1.1.20.
A morphism of complexes ¢*® : A* — B® is a quasi-isomorphism if the map H™(¢) is an

isomorphism for all n.

Proposition 1.1.21. A morphism of complexes ¢® : A* — B*® is a quasi-isomorphism if

and only if the cone is acyclic, meaning that H"(C(¢)®) =0 for all n

Proof. 1t is enough to apply lemma 1.1.18 to the short exact sequence
0— A]" 5 0(¢)* = B* — 0

where ¢* and 7°* are the canonical inclusion and projection in the direct sum.

In fact, we get

0 —s anl(Bo> N Hn(A[l].) N Hn(C((b).) - Hn(B.) N Hn+1(A[1]O) — ...
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Using that H"(A[1]*) = H" !(A®) we get the thesis. O

The following category can be seen as an intermediate step in the construction of the
derived category. We aren’t using this approach to define it, but some equivalences in
the derived category actually transfer to the homotopy one, so it is useful to recall its

definition.

Definition 1.1.22. A morphism of complexes ¢°* : A* — B*® is null-homotopic if there

exists a family of morphisms A" : A" — B"~! such that
fn _ chn + hn+1dA

for all n € Z.
The homotopy category K(C) has the same objects as Kom(C), and as the morphisms the

ones of Kom(C) modulo the null-homotopic ones.

We now proceed to define the derived category of an abelian category C. While we need
this notion to state one of the final results of this work, it is beyond our purpose to examine
it throughly. For a detailed and complete construction of the derived category, see [Kel98]
or [GM94].

Definition 1.1.23.
Given an abelian category C , a category is the derived category D(C) of C if

e There is a functor @ : Kom(C) — D(C) such that for any quasi-isomorphism ¢, Q(¢)

is an isomorphism

e For all other category H with a functor F': Kom(C) — H with the above property
there exists a unique functor G : D(C) — H such that

Kom(C) £ #

7

is a commutative diagram.

The uniqueness is immediate from the universal property. For a proof of the existence of
the derived category, see [GM94].
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Note that, as before, both /(C) and D(C) contain C as a full subcategory.
There is a canonical functor (C) — D(C) that comes from the fact that D(C) is the

localization of the homotopy category to the class of quasi-isomorphisms.

1.2 Adjoint functors

Definition 1.2.1. Let C, D be two categories, and G : C — D, GV : D — C two functors.
G and GV are adjoint functors if there exists two morphisms of functors

n:Ide — GYG (the unit)

e:GGY — Idp (the counit)

such that, denoting 15 : G — G the identity morphism

e clgolgn=1la
o lgveonlgy = 1gv

Note that G and GV have two different roles: a left adjoint is generally distinguished from
a right adjoint.

Example. Let C = Set be the category of sets, D = Grp be the category of groups. We
define G : Set — Grp as the functor that sends a set {z;};cs to the free group generated
by its elements, and GV : Grp — Set as the forgetful functor which views a group G as
the set of its elements.

Note that, if S is a set, GVG(S) is much bigger and definitely not the same object. Yet,

as we're about to see, G and GV are adjoint functors. Define
ex :G(GVX) = X

as the homomorphism of groups obtained by extending the map that satisfies z; — x; for
all 4 € I, and
ns:S — G'GS

as the natural inclusion of S in the set of “words” made of its elements. This gives an
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adjunction, in fact we have, for S € Ob(Set)

as (1ems aGVGS (ela)s as

generators of
free group free group generated by ~
— | the free group |[<=—=GS
generated by S the free group GS
generated by GS

because the horizontal compositions of morphisms are the following

(1gm)s

as 199 ag 95 qavas

GaVGSsEes . gs 195, s

~_ 7

(elg)s

The other identity 1gveonlgv = 1gv can be verified in a similar way, proving that G and

GV are, in fact, adjoint functors.

Remark. The data of a unit and a counit gives us a very important map of Hom-sets, which
highlights a particular property of adjoint functors that will be very useful in the following
chapters. It can be shown that giving the data of such a map is actually equivalent to
giving the data of an adjunction.

Let C, D be two categories, and G : C — D, GV : D — C two adjoint functors. We have a
canonical isomorphism functorial in A € Ob(C, B € ObD

v6(A, B) : Hom(GA, B) = Hom(A, G¥ B)
[ GV fonx
epoGf <« f

Remark. If we consider Gy : C1 — Co, G : C2 — C3, and Gy, Gy their adjoints, then
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(G2G1,GYGY) is an adjoint pair, defining
lrvmlag
n : Ide, o, GY Gy o -

v v 1G2a11G¥ v s
£ GaGLGYGY — 22 GoGY 2 1d,

GYGYG,G,

Remark. If (G,G") is a pair of adjoint endofunctors, then using the morphism above
Hom(G?(—), —) =~ Hom(G(~-), G¥(~)) =~ Hom(—, (G")*(-))

which means that (G2, (GY)?) is a pair of adjoint endofunctors too. The unit and the

co-unit are defined in the obvious way

n”’ =1lgwnlgon , & =colgelgy

Obviously this means that, for any n € N, (G", (G¥)") is a pair of adjoint endofunctors.

If we have two functors G, H : C — D and ¢ € Hom(G, H), given GV, H" : D — C (their

adjoints), we can define ¢¥ € Hom(H",G") as the composition
nglygv lavolyv loven
HY /"5 GVGHY 2 GYHHY = GV (1.1)

This is the only map that makes the following diagram commutative for any A € C, B € D

Hom(¢(A),B)

Hom(HA, B) Hom(GA, B)
'YH(AﬂB)iN Ni'YG(AvB)
Hom(A, H' B) Hom(A, GV B)

Hom(A,4"(B))

Having defined adjunction between functors, we now prove three lemmas that will be

useful in the following chapters.

Lemma 1.2.2. Let C be an abelian category, and C-proj the category of projective objects
of C 4. Let E,F be a pair of adjoint endofunctors that preserve exact sequences. Then

the restriction of E and F gives a pair of adjoint endofunctors on C-proj.

dRecall that an object A is projective if the functor: Hom(P,—) : C —Ab preserves exact sequences.
See [Jacl2] for more details about projective objects and their properties
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Proof. We need to prove that, for any projective object P, E(P) is projective. Recall
that a characterization of projectivity is that for any epimorphism ¢ : M — N and any
morphism ¢ : E(P) — N there exists p : E(P) — M such that ¢ = ¢ o p.

Using the isomorphism between Hom-sets seen in the remark above, we get another dia-

gram
E(P) r
/ ¥ //\// lw(w)
M- N FO £ p()

Since the exactness of F' implies that F(N) is still an epimorphism, then the fact that
P € C-proj implies the existence of A : P — F(M) that makes the second diagram
commutative. Define p := 7' (\). We need to show that ¢ = ¢ o p.

This is immediate by looking at this diagram

Hom(E(P), M) 2"~ Hom(E(P), N)

| s

Hom(P, F'(M)) o Hom(P, F(N))
since, given p in the upper left Hom-set, we get

Ye(pop)=Fpoyp(p) =FpoX=ve(y)

which, since g is an isomorphism, implies the thesis.

Lemma 1.2.3. Let C be abelian. Given a complex of endofunctors with E* in degree i
0= E" L+ 5 5 B0

such that every E* has a (right) adjoint functor F*, we get another complex where F' is
in degree —1i
s (dsfl)v "
0= F° —— - = F =0
Doing the construction we described in 1.1.16, we get E®, F* endofunctors of Kom(C).

These are actually adjoint functors, with the appropriate definitions of € and 7.
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Proof. (sketch)
For any A, B € Ob(, it is enough to define

7E<A7 B) : HomKom(C) (EA7 B) = HomKom(C) (A7 FB)
as the restriction of

> vmi(A, B) : @D Home(E'A, B) = P Home(A, F'B)

1.3 Grothendieck group

The Grothendieck group is a very useful construction that gives an abelian group from a
category that satisfies certain conditions. Depending on the setting, there are many defi-
nitions that differ slightly. We are only interested in abelian (therefore exact) categories,

so we state the definition we’ll be using in this work.

Definition 1.3.1. The Grothendieck group Ky(C) of an abelian category C is the free

abelian group generated by isomorphism classes of Ob(C), with relations
[A] = [B] = [C] =0

for all triples in Ob(C) such that 0 - B —+ A — C — 0 is a short exact sequence.

Example. If we consider the abelian category V of finite-dimensional vector spaces over
C, two objects are isomorphic if and only if they have the same dimension. So Ky(V) is

generated by [C"], one for each natural number n. Moreover, since
0C™—=C™" 5 C"—0

is always a short exact sequence, we have that [C"] = n[C]. So there is just one generator,
and Ko(V) ~Z .

Proposition 1.3.2. Ky(C) satisfies the following universal property:
o There exists a map ¢ : Ob(C) — Ko(C) that satisfies ¢(A) = ¢(B) + ¢(C) if

0—B—A— C — 0 is a short exact sequence.
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e For all other pairs (G,v), with G an abelian group and 1) : Ob(C) — G a map with
the above property, there exists a unique abelian group homomorphism f : Ko(C) — G
such that ¢ = f o ¢.

Proof. Just define

¢ : Ob(C) — Ko(C)

Ar— [A]
and
[ Ko(C) G
[A] — ¢ (A)

1 being an additive map ensures the map above is well-defined (meaning it doesn’t depend
on the choice of the representative in the equivalence class). In fact, if A ~ A’ and
0—+ B —+ A— C — 0 is exact, then there is an exact sequence 0 - B — A" — C — 0

obtained via composition with the isomorphism in the obvious way. ]

Note that, in particular, this means that Ko(C @ D) = Ky(C) @ Ko(D) for any abelian

categories C, D.

There is a very useful description of the Grothendieck group in the particular case of finite
type categories. Before stating this result, let us recall briefly the definition and the main

properties of such categories.

Definition 1.3.3.

Let C be an abelian category. C is of finite type if it is noetherian and artinian, meaning
that any ascending chain Fog C Ey C--- C E; C E;41 C ... and any descending chain
EoDFE1D---DFE; D Ejp1 D... stabilizes.

A classic result on finite type categories is a generalization of the Jordan-Hélder decom-

position theorem in finite group theory. A proof can be found in [LM13].

Theorem 1.3.4 (Jordan-Holder).
If C is a category of finite type, and A € ObC, then
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o There exists a finite composition series for A, i.e. a chain
0=4pC A CAC---CA,=A

such that Aiy1/A; is a simple object for alli=0,...,n — 1.

o If
0=ByCB CBC---CB,=4

is another composition series, then m = n and there is a permutation o € S, such
that Aiy1/A; = Bo(i)y+1/Bog) for alli=0,...,n—1 (meaning that the quotients are

the same for all composition series).

Theorem 1.3.5.
Let C be a finite type category. Then Ko(C) is a free abelian group generated by
S ={[S5],S € ObC simple}.

Proof. For any object A, define [(A) to be the length of its composition series. We prove
by induction on [(A) that [A] can be written as a linear combination of classes of simple
objects.

If I((A) =1 Ais a simple object, so there is nothing to prove.

Now if [(A) = n, note that A; in its composition series is a simple object. So, in particular
0—>A - A— A/A; =0

is a short exact sequence, which means that [(A/A;) = I(A) — 1. Also, [A] = [A1]+[A/A4]
in the Grothendieck group.

Because of the induction hypothesis, we know that [A/A;] can be written as a linear
combination of simple objects, so we proved what we wanted.

It remains to prove that the classes of simple objects are linearly independent. Let Z€ be

the free abelian group generated by the elements of &, and

¢:7° — Ko(C)
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the natural morphism. We define (and then extend linearly) the homomorphism

Y Ko(C) — Z°
1(A)—1

[A] — ) [Aip1/Ail
1=0

Since 1 o ¢ = Idyes, we have found a left inverse of ¢, which means that ¢ is injective,

therefore the elements of & are linearly independent. ]

1.4 Representations of sl

Definition 1.4.1. sly(K) is the Lie algebra of 2 x 2 matrices over K with trace zero. A

S I I

Note that [e, f] = h, [h, €] = 2e, [h, f] = —2f. We also name two special elements

basis is given by

=exp(—Jf)exple)exp(—f) = 01 s =ex exp(—e) ex = 0 -1
s = exp(—f) exp(e) exp(—f) (_1 0) , p(f) exp(—e) exp(f) (1 o)

To make some statements more readable, sometimes we put e, =e, e_ = f.

Recall the classic result on finite-dimensional sls representations when K has characteristic

0. The proof can be found in [Hum?72].

Theorem 1.4.2. Let V,, = K[z, y|, (homogeneous polynomials of degree n), and define
¢ sl — gl(Vp)
i)
e Ip =T —p
dy
d
foyp—y oop
x
h— — |z 4a_,. 4
P i Va)?

This is an irreducible sly representation on K. Moreover, there are no other irreducible
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finite-dimensional representations (i.e. simple modules) and any finite-dimensional sly

representation can be decomposed as a direct sum of Vi, @ --- @V, .

Remark. Note that on V,, with the standard basis for homogeneous polynomials the action

of the elements is given by the following matrices

01 0 0 0 0 0O 0 0
0 n
0 n—1 0O 00
P(e) = ;o o(f) =
00 O n—1 0
0 n 0
0 0 0
n 0
0 n—2
¢(h) =
0 0 0 0 0
-n+2 0
0 0 0o ... 0 -n

Let V' be a locally finite module of sl5(Q) (i.e. a direct sum of finite dimensional modules).

For any A\ € Z, we denote its weight space by V). For any v € V', we put
he(v) =max {i|efv#0} , d(v)=hy(v)+h_(v)+1
We have the following lemma
Lemma 1.4.3. IfV is a direct sum of simple modules of dimension d, then for allv € V),
e dv)=d=1+42hy(v)EA
. eg)eg)v = (h*(}})ﬂ) (hij(v))v for all 0 < j < hy(v)

Proof. Up to looking at v in its direct sum decomposition, we can suppose v is in one of

the V}, modules, where n = d — 1. Now, the action of e, and e_ on the weight spaces
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decomposition can be summed up by the following diagram

et et et et et et
P2 s < <~
0 n n—2 L Y. —n+2 -n 0
— —_— — —_— P -7
e’ e_ e_ e’ e_ e_

So if v € V) then hy(v) = ”T_A, and h_(v) = %‘*"\ So

and the first formula is proven. We omit the proof of the second formula, since it can be

obtained with similar reasoning on the diagram above. O

The following lemma will be very important in chapter 3.

Lemma 1.4.4. Let V be a locally finite sla(Q)-module. Let B be a basis of V' consisting

of weight vectors such that @onb 1s stable under the actions of e+.

beB
Let Ly = {b e B|exb=0} and for any r > 0 define

v @
d)<r
Then
1) V=" is isomorphic to a sum of modules of dimension < r

2) For any b € B, e}f(b) € QoL+

3) For any b € Ly, there is a, € Q>0 such that a;lelf(b)b € L+, and the map

b— ab_le}f(b)b

is a bijection Ly — L.
Moreover, the following assertions are equivalent

i) V=" is the sum of all the simple submodules of V of dimension < r.

i) {eitb}beLi,ng‘ghi(b) is a basis of V.
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Proof.

)

We just need to prove that V=" is a submodule. Note that V=" is generated by a
subset of B. Let b € B with d(b) < r. We want to prove that d(eb) < r, d(fb) < r.

Since B is stable under the action of e, we can write

eb = Zucc

ceEB

where u. > 0. In particular, we have

0=e+®eh = Z ue(e+®e)
ceB

ble = 0, so eb is a linear combination of vectors

This means that whenever u, # 0, e+
¢ with hy(¢) < hy(b). For the previous lemma, this means that d(eb) < d(b) < r,
which proves that V=" is stable under the action of e.

We can prove with the same argument that fb € V<" too.

Put

ht(b
ef( b= vac
ceB

for some u;t € Q>0. As before, we have that

h+(b)+1
0= ef( Ty = vaeic
ceB

so if vF # 0 then eic = 0, which means that eff(b)b € Q>oL~.

For b € Ly, we put
eii(b)b = Z wee

ceB

We observe that the elements e];i(b)eii(b)b =p

+b for some B4+ > 0. This is true
because of the identity

ere_b=ec_erb+hd

In fact, depending on which sign we chose, either e b = 0 or e_b = 0, so the action
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(i)=(ii) :

on b is diagonal. In particular,

Z wce% ®e = B+b

ceB

so for any ¢ such that w, # 0, there exists a 5. > 0 with e];i(b)c = Bcb.
Moreover, since this identity implies h(c) = h4(b), the element
elf(c)e}f(c)c _ elii(b)eff(b)c _ Bceff(b)b
is a nonzero multiple of c. So there is a unique ¢ with w. # 0, and putting ap, = 8.*

we get the isomorphism we wanted.

By induction on r. If r = 0, it is obvious that the set is a basis. Now, assume (ii)

holds for r = d, meaning that {e@cb}beLi’ is a basis of V=¢. Defining

0<i<h, (b)<d

T VSd—H s VSd—H/de

we have that 7 ({b € B | d(b) = d + 1}) is a basis of the quotient.

The quotient, though, is itself a multiple of the simple module of dimension d+1, and
{b€ Ly | d(b) =d+ 1} maps to a basis of the lowest weight space of the quotient if
+ = +, highest if £ = —.

It follows that {e;b}beLi’ 0<i<d—ha (b) TAPS to a basis of the quotient. By induction,

b)

i ; ; <d+1
then, {eib}beLb 0<i<ha (b)<d+1 15 @ basis of V' .

: Let v be a weight vector with weight A. Then

i
v = g up ;e b

beLy 2i=\+hz (b)

for some up,; € Q. We choose s maximal with respect to the property that there
exists b € Ly with h4(b) = s+ and up; # 0. Then

h+(b
elv = Z Ub,ﬁf( b

The linear independence of {e}f(b)} for b € L1 implies that e’v # 0, so s < hy(v).
From d(v) < r we get h4(b) < r for all b with u,; # 0, which implies (i). O
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1.5 Socle and Head

We begin by recalling the extremely useful result about simple modules known as Schur’s

lemma

Lemma 1.5.1. Let M and N be two simple modules over a ring R. Then any homomor-

phism f: M — N of R-modules is either invertible or zero.

In this section, A will be an associative K-algebra with unit. Recall the following definition

Definition 1.5.2. The Jacobson radical of A, denoted by Rad(A), is the set of elements
a € A such that for any simple A-module S, aS = 0 (note that this is an ideal).

Recall that if A is finite dimensional, then Rad(A) is the largest nilpotent ideal in A, or
equivalently the intersection of all maximal submodules of A (viewing A as an A-module
as usual), or as the smallest submodule R of A such that A/R is semisimple (this is known

as Jacobson’s theorem). One of the most useful results is this lemma

Lemma 1.5.3 (Nakayama).
If M is a finite dimensional A-module such that Rad(A)M = M, then M = 0.

We define the Jacobson radical of a finite dimensional module M as Rad(M) = Rad(A)M.
This is still the intersection of all maximal submodules of M, or the smallest submodule
R such that M/R is semisimple. We define

Definition 1.5.4. The head of M, denoted by hd(M), is the module M/Rad(M), i.e.
the largest semisimple quotient of M.
The socle of M, denoted by soc(M), is the largest semisimple submodule of M, i.e. the

largest submodule generated by simple modules.

We can define a descending series of modules, called the radical series of M
M > Rad(M) D Rad(Rad(M)) D --- D Rad’(M) D Rad"™™ (M) =0

Note that the nilpotency of Rad(A) implies that this series is finite. Also, by the previous
characterization, note that any successive quotient is a semisimple module. In a similar

way, we can define the socle series of M as the ascending series of modules

0 C soc(M) C soc*(M) C --- C soc? (M) C soc? (M) =0
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where we define sock(M) as the submodule such that
sock (M) /soc® =1 (M) = soc <M/ sock_l(M))

For any k € N, we have soc®(M) = {m € M | Rad(A)*M = 0} (see [AB95] ). In particu-
lar, this implies that the two series have the same length.

In the case of modules with a simple socle, there is a very useful lemma that relates the
homomorphisms of said module with any other and the multiplicity of the socle in the

composition series of the codomain.

Lemma 1.5.5. Let M be a A-module with soc(M) = S simple, and let N be any A-
module. Then, if we denote by m the multiplicity of S as a composition factor of N, we
have that dim (Hom4 (N, M)) < m.

Proof.
We prove this by induction on the length of any composition series of N.

First, suppose that N is a simple module. Then Schur’s lemma implies that

1 if N ~ soc(M)
dim Hom 4 (N, M) =
0 otherwise

since for any nonzero homomorphism ¢, ¢(N) would be a simple submodule of M (there-
fore contained into the socle, which is simple).

Now, for any IV, consider the short exact sequence
0—-Q—N—->N/Q—0

where @) is the last nonzero module in the composition series of N (so @ is simple). We

can apply the Hom 4(—, M) functor to get another exact sequence
0 — Homyu(N/Q, M) — Hom4 (N, M) — Hom4(Q, M) ~ Hom4(Q, S)

Note that the length of N/Q is the length of N minus one, so we can use the inductive
hypothesis on this module.
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We have two cases:

e () ~ S, then dim (Homyu(Q, S)) = 1 and the multiplicity of S in the composition

series of N/Q is reduced by one, so using the inductive hypothesis

dim (Homa(N,M)) < (m—-1)+1=m

e @ # S, then dim (Hom4(Q,S)) = 0 and the multiplicity of S in the composition

series of N/@Q remains the same, which gives

dim (Homag (N, M)) <m+0=m



Chapter 2
Hecke algebras

Let us recall some elementary facts about the symmetric group S,,. We won’t prove any
of the theorems, since all these are all well-known facts. The interested reader can refer

to [MGOO]
We denote by S,, the group generated by s1,...,s,—1 with relations

s?zl foralli=1,...,n—1
$i8; = 858 if ’Z—]| >1
SiSi+18i = Si+1SiSi+1 for all 1 = 1, ey — 2

For any element w € S, we define [(w) as the minimal length of any expression as
w =8, ...si,. Basily, we have that [(ws;) = [(w) £ 1 for all i,w € S,,. To determine that

sign, we have the following lemma

Lemma 2.0.1. For w € Sy, s; a generator, we have

l(w)+1 ifw() <w(@+1) ) lUw) +1 if w (i) < w (i +1)
l(w)—1 ifw(i) > w(i+1) l(w)—1 ifw (i) >w G +1)

Lemma 2.0.2. Let w = s, ...8;, and t = (i,7) a transposition such that l(wt) < l(w).
Then there exists an a € {1,...,k} such that

Wt = 84y ... 85, -+ Sy

The following theorem guarantees that two different expressions are essentially the same

26
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Theorem 2.0.3 (Matsumoto).
If i, ...85, = sj,...5j,, then one can transform one in the other by repeatedly applying

the relations s;s;118; = Si415iSi+1 and s;s; = sjs; (if |i — j| > 1).

2.1 The Hecke algebra

From now on, we denote by K an algebraically closed field.

Definition 2.1.1. Let ¢ € K*. We define the Hecke algebra H,{(q) as the associative

unitary K-algebra with generators T1,...,7T,—1 and relations

(Ti —q)(T;+1) =0 foralli=1,...,n—1
T =TT i g > 1
LT Ty = Tia TiTia foralli=1,...,n—2

Note that if ¢ = 1 then H,]: (1) = KS,, (the group algebra), so the Hecke algebra can be

seen a g-deformation of the group algebra of S,.

Remark. We can immediately deduce the following equalities

T =q (Ti—q+1)
TP =(¢— 1T +q

Our first goal is to show that H} (q) is a finite-dimensional algebra over K. We do that by

giving an explicit basis

Theorem 2.1.2.
For any w € S, we define T, € an(q) as Ty =Ty, ... T;, if w=s4 ...5,%

Then, the set {Ty,} is a basis of Hrf(q) as a K-vector space, and dimKH,{(q) =nl

wWESy

Proof. To show that these elements generate Hﬂ: , we need to understand their multiplica-

#Note that Matsumoto’s theorem implies that T, is well-defined
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tion rule. A simple computation tells us that for any w € Sy, i=1,...,n—1

Tws; if l(ws;) > l(w
S (wsy) > I(w)
(T, + (¢ — DT, if l(ws;) < I(w)

Ts.w if [(s;w) > l(w
e (s10) > 1(w)
qTsw + (¢ — DT, if l(sjw) < l(w)

So, by induction on k, any element of the form 7, ...T;, is a linear combination of the
Ty
To show these elements are also linearly independent, we take E as the free vector space

generated by the symbols e, w € S,,, and define 6; € Endg(FE) as

Esw if I(s;w) > l(w
o) = (s5) > 1)
ges;w+ (@ — ey if I(s;w) < I(w)

Our goal is to show that these operators satisfy the defining relations of HY (q). If they

do, then we have a homomorphism
0 : H!(¢) — Endg (E)
such that 6(T,) = 60,. So, given > a,T, = 0 we also have 0 (> a,Tw) = 0, but this

implies that
0= (Z awﬁw) (erq) = Zawew

SO a,, = 0 for all w, therefore the linear independence is proven. So we just have to prove
our claim.

First, we prove the quadratic one: it is easily obtained using the definition of §;. We have

qew + (¢ — Desw = (¢ —1)0i + ¢ if [(sjw) > l(w)

qew + (¢ = 1)(gesiw + (¢ — Vew) = (¢ = 1)0i + ¢ if I(siw) < I(w)

Qg(ew) =

which implies that, in any case, 2 = (¢ — 1)6; + q.

To prove the braid relations, we need operators ¥; that mimic right multiplication by Tj,
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just as the 6; mimic left multiplication. So we define

Ews; if l(ws;) > l(w
Dilen) = (wsi) > I(w)
gews;, + (¢ — Dey if l(ws;) < l(w)

and first we prove that 0;0; = 9;0; for all ¢, j. For any w € S,,, we have

l(siws;) = l(w) + 2

0i0(ew) = es;ws; = Vj0i(ew)
l(siwsj) = l(w) —

Qiﬂj(ew) = q2€siwsj' +q(q — 1)(ews] + esw + (q — 1) ﬁjei(ew)
l(sjws;) = l(w) and l(s;w) = l(ws;) < l(w)

0:0(ew) = qesws; + (g — Desw + (g —1)%

Dj0i(ew) = qes,ws; + (g — Vews; + (¢ - 1)
To prove this, we need to show that in this case s;w = ws;. This easily follows from the
well known fact that {(w) = n(w), where we denote by n(w) the number of inversions
(pairs i < j such that w(i) > w(j)) (see [MGOO])
From the inequalities and lemma 2.0.1 we know that j,5 4+ 1 is an inversion in w,
as well as (w™'(i+1),w *(i)). We also know that j,j + 1 is not an inversion in
siw and (w'(i+1),w (7)) isn’t either in s;w, which means that both (j,j + 1) and
(w™'(i +1),w™!(i)) are inversions in w but aren’t in s;w (and ws; as well).
Then the only possibility is i = w™!(j + 1), and therefore from w(i) = j + 1,w(i + 1) = j

we get s;w = ws;.

l(siwsj) = l(w) and l(s;w) = l(ws;) > l(w)
Uj(ew) = (ewsg) = @Cs;ws; T (q— 1)€wsj
0i(ew) = Vj(esw) = qesiws; T (@ —1Desuw

With a similar reasoning (as in the previous case) we get ws; = s;w which implies the

equality.

l(siw) < l(w) < l(ws;)
Qiﬂj(ew) = Qi(ewsj) = G€sws; + (q — 1)ewsj = 29]'((1637;10 + (q - 1)611)) = ﬁjai(ew)
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o I(ws;) <l(w) < I(siw)
Dj0i(ew) = Vj(esiw) = qesiws; + (4 = Desw = Oi(qews; + (¢ = Vew) = 00 (ew)
Now for any two expressions s;, ...s;, = w = sj, ...s;,, and for any z € S,,, we have to
prove that 6;, ...6;, (z) = 6;, ...0;, (z). By induction on I(z) (base case z = Id, in which
the equality is trivial), we take a s, such that I(zs,) < I(z), so

Oi, ... 05, (2) = 0;, ... 0;,04(284) = Vabi, ... 0i,(25a)
Z940j, ...0,(284) = 0}, ... 0;,9a(284) = 0j, ... 0;,(2)

where we used the inductive hypothesis on the x equality. So, we proved that braid

relations are satisfied by the 6; and we are done O

Before moving to affine Hecke algebras (the ones we are really interested in), we highlight

a special element of H,J:(q) that will play an important role.

Lemma 2.1.3. Let

z:ZTw

weESy

For any o € S, we have T,z = ql(")z.
Moreover, if 2/ € Hﬂ:(q) s another element with this property, then z' = Xz for some
e kK.

Proof. We prove the first claim by induction on (o).
l(c) =1| Wedivide Sy, in A, = {u € S, | l(ou) > 1(u)} and B, = {u € S, | I(ou) < l(u)}.

TO'Z:TO'<Z Tu+ ZTu> = Z T0u+ Z qT0u+(q_1)Tu:

uEAs u€ By uEAs u€E By
ZqY Tut+ D> Tu+(@—DTu=q Y Tutq ) Tu=gqz
uEAs u€ By uEAs u€ By

where x holds because u € B, implies ou € A,, since left multiplication by o gives a

bijection between A, and B,.

l(c) > 1| Let m, psuch that o = 7p and (7)) + I(p) = l(c). Then, by induction

Tyz = ToT,2 = To(d"P2) = ¢ g0 — @)



2. Hecke algebras The affine Hecke algebra 31

To prove the second claim, we first show that if 2/ = Y a, Ty, a, € K, then we have

Ggw = ay for all o =s;, i =1,...,n — 1. Defining A, and B, as above, we get

Z qaw Ty = Z qagwTy + Z (aawTw + (q - l)awTw)

wESn wEAs wE By

which gives, because of the linear independence of the Ty, , ay = gy if w € A,, and
Gy = gy + (¢ — 1)ay = ay = gy if w € B,.

Now, this easily implies the thesis, since if 0 = s;, ... s;, then

Ag = Qs; 0 = Usy,0 = *** = AId

2.2 The affine Hecke algebra

Definition 2.2.1. Let ¢ € K*, g # 1. We define the affine Hecke algebra H,(q) as the

associative unitary K-algebra with generators 71, ...,7T,_1, Xlﬂ, ..., XF! and relations
(Ti —q)(Ti+1)=0 foralli=1,...,n—1
T,T; = T,T; if fi — 4 > 1
1T, =T TiTi foralli=1,...,n—2
XiX; = X;X; foralli,j=1,...,n
XX '=X1X, =1 foralli=1,...,n
XiT; =T;X; ifi—j5+#0,1
T; X:T; = qXit1 foralli=0,...,n—1

Definition 2.2.2. Let ¢ = 1 € K*. We define the degenerate affine Hecke algebra H,, (1)

as the associative unitary K-algebra with generators 71, ...,7,-1, X1, ..., X, and relations
T? =1 foralli=1,...,n—1
T,T; = T,T; if Ji — 4 > 1
T T, =TTyl foralli=1,...,n—2
XiX; = X;X; foralli,j=1,...,n
XiT; =T;X; ifi—j3=#0,1

X =TX; +1 foralli=0,...,n—1
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Note that Hj(q) is a subalgebra of H,(q). Another important subalgebra is
P, =KX XFifq#1, P, =K[Xy,...,X,]ifqg=1.

Remark. If ¢ # 1, a simple computation gives us these (useful) relations

Xl =TiXip1 + (1 — )Xo
XinTi =T X + (¢ — 1) Xi1

Lemma 2.2.3. With the above definitions, Hy(q) ~ Hi(q) ®x P,.
In particular, Hy,(q) is a free right P,-module of rank n! with basis {T,,w € Sy} ° .

Proof. The fact that the elements T; ® X; are generators is implied by the fact that any

element in H,(gq) can be written as a linear combination of elements like
~1 -1
Ty T Xy o X5, Xy - X,

In fact we can always “move to the far right” all X elements, using the relations above.
In particular, the last one is equivalent to X;T; = qTi_lX,-H, where we use the formula in
2.1 for T; *.

To show that they are linearly independent, we show that {Ty},cq is a base of Hy(q)

viewed as a right P, module. It is enough to define

p: Hu(q) — End (Hr’f(q))
p(1;)(Tw) = T;Ty
p(Xi)(T1a) = Tia

where

and, by induction on the length, if w = s;u with I(u) < l[(w)

o Ty,p(X)(T,) if i £0,1
Top(Xin))(Tu) + (A = ) (p(Xin)(Tw)) ifqg#1 ;
p(XZ)(TSJU) Tsip(Xz—i-l)(Tu) - T, if q=
T, p(Xio1)(Tu) + (g — D) (p(Xi)(Tw)) ifq#1 i
ife=5+1
TSjp(Xi—l)(Tu) =Ty if ¢ =

Since, by definition, p is an homomorphism (we defined it in a way that makes it commute

with right multiplication by X; in H,,), and (still by definition) the set p(Tw),,cg, is a set

Pin this notation T; = T,, where s; = (i,i +1) € Sy,
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of linearly independent elements, it follows that H,,(q) is a free right P,-module with basis
{Tw}wESn' O
Remark. We can define an isomorphism H, — H,"°, T; — T;, X; — X; that allows us
to switch between left and right H,-modules.

We also have an action of S, on P, by permutation of the indexes. In particular, the

following identity (see [Lus89] for the proof) will be useful.

Lemma 2.2.4. For any p € P,

(¢—1)(1 - Xin‘111)71<P — 5i(p)) if g # 1

Tip — si(p)Ti =
(Xit1 — Xi)"Hp — si(p)) ifg=1

A remarkable corollary of this proposition is that this action gives a inclusion of P2 in
the center of the affine Hecke algebra Z(H,). We will not need that, but this is actually
an equality. The interested reader can find the proof of the other inclusion in proposition
4.1 of [Gro99).

Following [Kat81], we now focus on showing the irreducibility of a particular family of
representations of Hy(q). From now on, q # 1.

Let C be a ring, and f : P, — C a unitary ring homomorphism (that implies C' has a
(Py, P,)-bimodule structure). We define

Mf =H,®p, C
This is a (H,, C)-bimodule, and in particular, a free right C-module with basis
{d)w: w®17 ’LUGSn}

The action is defined as X;¢1q = F(X;)b14, and Tyd1q = ¢u-
For any nonzero a in K, taking C = K and f, : P, = K, p+— p(a) as the evaluation

homomorphism, we denote by M, = M}, defined as above. Our goal is to prove
Theorem 2.2.5. For any nonzero a € K, M, s irreducible as a Hy,-module.

We start with a lemma that implies the thesis
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Lemma 2.2.6. If z = Z dw 18 a cyclic generator of My, then M, is irreducible.
weSy

Proof. We begin by proving that the elements X; — a, viewed as linear operators on My,
act as nilpotent endomorphisms. We just need to prove it on generators ¢,,, and this can

easily be done by induction on I(w) once we notice that, putting s; = (i,i + 1) € S,

(Xi —a)ps; = (Xi —a)Tj¢1a
EF(XZ)¢Id - a¢8j =0 if i _.7 # 07 1
= XiTjp1a — ads; = § (TiXip1 + (1 — ) Xiq1)da — ads; = a(l —q)¢ra if i —j =0

(T; X5+ (q—1)Xj11)b1a — ags; =alg—1)¢q ifi—j=1

For any N C M, submodule, since obviously (X; — a)(X; — a) = (X; — a)(X; — a), there
exists a nonzero m € N such that for all i = 1,...,n we have X;m = am. So we can

define a morphism of H,-modules

vy: M, — N

PR ar— apm

which is well-defined because of the universal property of tensorial product.
Since, by hypothesis, M, is generated by z and v(¢1q) = m # 0, then vy(z) # 0. But since
for any w € S,

Ty (2) = ¢“v(2)

then by lemma 2.1.3 vy(z) = Az. But this implies N = M,, hence M, is irreducible. O

Now we just need to prove that z is a cyclic generator of M,.
To do that, we prove that given b = (hq, ..., h,) where h; are integers such that
0<h; <n—i, the elements X"z = X{” ... Xhnz are linearly independent (since there

are n! such elements, this is equivalent to showing that those are generators).

We take R = K [Xlﬂ, L XEL (G- X)), #} and F : P, — R the natural inclusion.
We also denote by %, for any w € S,,, the map fow : P, = R where w : P, — P, acts as
a permutation on the indexes of X; (so w(X;) = X, ;). With a slight abuse of notation,
to make things easier, we put ¢; = f(X;), and t} = f o w(X;) = f( X)) (50 1 = tys))-
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Lemma 2.2.7. For any w € S, there exist elements I'; = ¢5, + aj¢1qg € Myw, a; € R,
such that
Xi(Ly) = t;‘i(k)f‘i

forallk=1,...,n—1

Proof. We distinguish three cases
o |kF#ii+1

Xi(Li) = Xg(ds; + aidra) = Xk Ti(¢1a) + aityryP1a = TiXk(P1a) + @ity P1a
= T;(twr)P1a) + Gitwk)P1a = tuwk) (bs; + aidra) =ty =t T

Note that, since s;(k) = k, this works for any a; € R.

o [ k=1

Xi([;) = Xi(bs; + aipra) = XiTi(p1a) + aitw(s)P1d
= TiXiy1(d1a) + (1 — @) Xit1(¢1a) + @ity (i) P1d
= Ti(twi+1)P1a) + (1 — Qtw(ir1)P1a + aitw() P1a
= tu(i+1)®s; + (1 = Qtw(it1) + ity())P1d

We have the thesis only if
(1 — Dtw(ivy)

a; =
bw(i+1) = tw(i)

[i=it1]

Xit1(Ti) = Xig1(ds, + aidna) = Xiv1Ti(é1d) + aitw(i+1)9P1d
= Ti Xi(¢1a) + (¢ — 1) Xit1(¢1a) + aite(it1)P1d
= T;i(tw(iy®1a) + (@ — Dity(ir1)P1a + @ity iv1)Pr1a
= tw(@i)®s; + ((@ = Dtw(it1) + Gitwiiv1)) 1
Since the only choice of a; that makes the thesis true is the same as before, we proved

the lemma.
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Proposition 2.2.8. There exists a base of My {Fw}wESn with the following properties:
1) X,y = tw-1)lw foralli=1,...,n

2) Ty =uw+ Y _ a5,0., with ai, € R.

z<w

Proof.

1) By induction on I(w). We define I'lqg = ¢1q for the base case. Now, for any w = s;y,
with I(y) < {(w), named I'y the element obtained from the inductive hypothesis we

can define
Ay : Mfyq — Mf
p@r—=p(rly)

and I'y, = Ay(T';), where I'; is the element defined in the previous lemma. This is

the element we were looking for, since

holds after observing that f¥ ' (ij(i)> =f (Xy_15j(i)).
2) Again, by induction on l(w) (base case is obvious), for w = s;y we have
Ly = Ay(¢s; +ajo1a) = Ay(T; @ 1 +1® ay)
= T;(ly) + a;T'y = Tj (% + aZ(ﬁz) +aj <¢y +y aZ@)

z<y z2<y
= ¢8jy + Z bi;ﬁbz

2< 8 y=w

Note that if we express the elements {I';, }es, as a matrix with respect to the basis
{¢w}, both ordered by inverse length, we get an upper triangular matrix with 1 on

any diagonal entry, which implies those elements are a basis.
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We define

and, for any w € S,

cw= ]I e

1<j,w(i)<w(j)

Lemma 2.2.9. If z = Z bw, then z = Z -1

weSy weSh

Proof (Sketch). Since I' -1 is a basis, there an expression of z = Z dyl',-1. We have

wESh
to see that the coefficients are the ¢, we defined before.

First, note that

bs; + G1a = ¢s; + aidra + (1 — a;)¢1a
. <1 - a- Q)tz’+1> 1

tiv1 — 1
=T+ ciit1l'a =i +c,l1a

Consider the upper triangular matrix from the basis {¢,, } to the basis {I',,}, expressed by

the relation (2) of the previous proposition. If we invert it, we get that for some h¥ € R

¢ =Tuw+ > h'T.
z<w
In particular, if we consider the longest permutation wg = w, les, (the one given by
wo(i) =n — i+ 1), we have that dy, = 1 = ¢y, since I'y,, only appears in the expression
of duyy-
Using these facts, the thesis can be proved by strong inverse induction on [(w) (see also

[Ram03] and [RK02] for an explicit computation). O

We can now prove the theorem.

Proof. (Theorem 2.2.5)

Remember we want to prove that the elements {X bz} b ( are linearly inde-

hi,..hn),hi<n—i
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pendent. With respect to the basis {I',}, we have

X0z = Z ot T,
wESy
h hn
where () = ¢, Lt
the n! x n! matrix 0,5 = (c,t*®), det 6 # 0.

Our claim is then equivalent to proving that, denoting by 6

First note that defining the matrix 7 = 7,5 = (t*()) we have

det 6 = H ey det(7)

U)ESn

First we focus on H cy. For any fixed couple 7 < j, there are exactly % ! permutations
weSn
w with w(i) < w(j) and " with w(i) > w(j), so from the definition of ¢,, we easily get

T =TI
wESn i<j
To get a better expression for det(7), first note that for any fixed permutation w € S,,

the rows corresponding to w and (7, j)w are the same if t; = t;. So any 2 x 2 minor is

divided by (t; — tj). Therefore, by Laplace expansion, det(7) is divided by H — tj
1<J
Now we calculate the degree of det(7). We prove by induction on n that

d = deg(det(r)) = <g> %'

The base case is trivial. For the inductive step, note that the monomials t9 with k1 = k

contribute (";") "5 (!4 k(n —1)! to deg(det(7)), so we get

i :21<n—1> 1)!+k(n—1)!:n<n;1> (n;l)!+n(n2—1)(n_1)!
(")) =5 () ()= 0)3

This proves that det(7) is a scalar multiple of H ti — 1 ) . We just need to prove that

1<J
scalar isn’t 0, and again we do that by induction on n. As base case we take n = 2, in
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which

1t
To = ! = det(T):tQ—tl#O
1 o

For the inductive step, it is enough to observe that putting ¢, = 0 we get
det(rn) = £(t1 .. . tu_1) T det(rn_y) #£ 0

So, we have an expression for both det(7) and H ¢y Putting them together, we get
’LUGSn

det(6) = [] cwdet(r) = A2 - [t —t:)*
wESy 1<j i<j

qtj —
i<j (tj —ti

1<j
Now, since in our example t; = a, we finally get
det(0) = Aa(g — 1))(3) %
Remembering that a # 0 and g # 1, we are done. O

2.3 Locally nilpotent modules

From now on, we fix a € K, a # 0 and ¢ # 1, and define z; = X; — a. We denote by m,,
the maximal ideal in P, generated by zi,...,z,, and n, = m;". The following lemma

will be very useful

Lemma 2.3.1.
pr= P 28, aprp

n n
0<a; <r—i

o
Proof. A priori, we have P;?”*l = @x%Pf"
i=0
Denoting by

S,
em(x1,...,2n) = E Tiy ...x;, € PJ"
1<ig <-<im<n
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the m-th elementary function in n variables, we have the identity

|
—_

n
xpy = (—1)”+1+ix%en_i(:):1, ey Tp)

%

Il
o

which implies that z!, € @7~ i n, for all | > n. So, actually,

n—1
Sn_1 __ i DS
P = i
=0

The canonical isomorphisms given by multiplication P]fgj ® Pljj1, — Py let us deduce

the thesis by (inverse) induction. O

We denote by P35 the completion of P;?" at n,, that is,

Sn _1; Sn i
P = lim (P /(n,))
We also put ]5” = P ®psn Pns ™ and lEIn = H, ®psn PnS ™. We are interested in a particular

category of modules

Definition 2.3.2. N, is the category of locally nilpotent H,, modules. Equivalently, A,
is the category of H,-modules in which n, acts locally nilpotently, meaning that for any

module M € N,,, m € M, there exists i > 0 such that n’,m = 0.

To study N, it is better to focus on quotients of the affine Hecke algebra by n,. We now

define the main objects of this section.

Definition 2.3.3.

Since n,, C Z(H,), then H,n, is a two-sided ideal, H,, is an algebra.

We have a isomorphism (given by multiplication)

P, H = H,

n



2. Hecke algebras Locally nilpotent modules 41

Also, lemma 2.3.1 implies that the map

g Kzt ...zl 5 P,

0<a;<i
is a (canonical) isomorphism. This, with theorem 2.2.3, implies that dimx H,, = (n!)2.

Theorem 2.3.4.

H, is a simple algebra. In particular, H, has only one irreducible module.

Proof. Recall the definition of the irreducible H,-module M, in the previous section.
Given the definition of the action, any element of n,, acts as 0 on M, (recall n,, C Z(H,)).

Therefore, the whole n,, action on M, is 0, that is, M, is a H,-module. Consider
¢ : H, — Endg(M,)

Jacobson density theorem® implies the surjectivity of ¢. But we know that dimM, = n!, so
dim(Endg (M,)) = (n!)? = dim(H,,). So ¢ is an isomorphism and H,, is, therefore, simple.

Since it is finite-dimensional, this also implies that it has only one irreducible module. [

Remark. Note that M, ~ H, ®p, P,/m, € N,. In particular, M, is the unique simple

object of N,. From now on, we denote it by K.

Now we define two particular elements that allow us to consider particular submodules
of H, and its subobjects, essentially giving a splitting of the action of H,, on any of its

modules.

Definition 2.3.5. Let 1 and sgn be the one-dimensional representations of H,{ given
by T; — ¢q and T; — —1 respectively. We define ¢/ = Zwesn q*l(w)T(Tw)Tw where

7 € {1,sgn}, which more explicitly becomes

ek = ZTw

wESy
=Y (g1,
’wGSn

In particular, we have C}LCngn = cfbgnc,ll =0 for all n > 2.

“Note that we need K to be algebraically closed



2. Hecke algebras Locally nilpotent modules 42

For any 0 < i < j < n, we denote by S|; ;) the symmetric group on {i,i +1,...,5}. We

can define with same relations the Hecke algebra H [f and the affine Hecke algebra H; j,

Z7‘7]
and we can put c@ iq= ZweS[i p ¢ ' (T,)T,. Also, for any subset B C S,,, we can also

define ¢, = 3", .5 ¢ 7(T,,)T,,. With these definitions, we have

T T T T T
Cn = C8,/8;)% = Ci €[8;\8n)

where we denote by [S,,/S;] the set of minimal length representatives of right cosets, and
by [Si\Sy] the left one. A proof of these relations is not essential to our work, so we remind
to [Xi94].

Proposition 2.3.6. M, ~ I:Inc; as H,,-modules.

1

L is evidently a cyclic generator of H,,cl, we can use the same argument

Proof. Since z = ¢
of lemma 2.2.6 to prove its irreducibility. Since H,c. has dimension n! over K, the only
possibility is that M, ~ H,c".

A similar argument proves the case 7 = sgn. O

We omit the proof of this lemma, since it is a technical tool to prove the subsequent

proposition

Lemma 2.3.7. Let f : M — N be a morphism of finitely generated ZE’nS" -modules. Then

[ is surjective if and only if f @ psn p;?" /Wy, is surjective.

Proposition 2.3.8. There exist isomorphisms

n—1
Hycp, ox @D #hK = Hucl, ® psa Byt = Hucfy
=0

Proof. The first isomorphism follows from 2.3.1. For the second one, we define it as the
one given by multiplication. Since both terms are free l’%?"—modules7 and since they have
the same rank n - n! 4, it is enough to show that the map is surjective. Thanks to the
lemma above, we do that after applying — ® psn 15;?" /M.

Note that, since P;?"*l =Pz PSn | after tensoring we get

n

I:[nc; ®]55n Pns”’l ®p7§n an/ﬁn ~ HTLC:L ® Klzy]/(2y)

dsince Hpcl _, ~ P, @ Hl T,
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where we considered the canonical surjective map
K[z,] — Pns"*1 ® psn P;f"/nn

(we know from theorem 2.3.1 that it factors through Kz, ]/(x}})).

n
Since the elements 7, ch @y, . .., chz? ! are all linearly independent in H,, the image of
f is a faithful K[z,]/(z")-module. The simplicity of H,c] implies that f is injective,
but since dimg H,c¢, | = n - n!, this shows that f is an isomorphism and, in particular,

surjective. O

The following propositions serve the purpose to establish a category equivalence which

will be useful in studying sly-categorifications.

Proposition 2.3.9. There exist isomorphisms

Hyo,ox @ af' .. 2K 5 Hool, ®ps, Py = H,y
0<a;<i

Proof. See [CRO8]. O

Proposition 2.3.10. We have c;ﬁnc; = P,*?”CZL (: cﬁf’;?") Also, the multiplication

map ¢, Hy ®p  Hpncp, — ¢ Hycp, is an isomorphism.

Proof. We have an isomorphism P, ~ ﬁnc;, p — pc;,, so for any h € H,, we have that
there exists a p € P, such that crhel = pcl.

Since T;c], = 7(T;)c}, it follows that Tipc], = 7(T;)pc],

7, and

(Tip = si(p)Ti)e, = 7(Ti) (p — si(p)) ey,

Comparing this with the result obtained in lemma 2.2.4 we deduce that p — s;(p) = 0,
which implies that ¢ H,c}, C PSncT.

From the previous proposition, the map I:Inc; ® P, = H, is an isomorphism, and

pon
so is the map cﬁf[ncg ® psn B, = cgﬁn given by multiplication, which implies that the

canonical map

o, @ psn By = By, @ psn Pr

: : : i DSn T
is also an isomorphism. So, ¢} H,c], ~ P, c;,.

Since we proved that c;ﬁn g, H’nc; is a free Pnsn—module of rank 1, the multiplication
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map
cntn ®@g Hpcp — cpHpey,
is a surjective morphism of free Pon-module of rank 1, so it is an isomorphism. O

Proposition 2.3.11. The functors Hycp, © psn — and c] H, ®p, — are inverse equivalences

of categories between the category of locally n,-nilpotent P;?" -modules and N, .

Proof. Essentially, we want to show that the inverse limits at n, of these algebras are
Morita equivalent. It is enough to prove that there exists an exact (ﬁn, Pf”)—bimodule M
such that M ® ps, M* ~ H, as (H,, H,)-bimodules and M* ®p M =~ PSn as (PSn, Pon)-
bimodules (see 4.2.1 for more details on this approach).

We take M = fInch (so M* ~ cﬁf[n, using that P, ~ fIncZL and its analogue, with the
usual pairing between polynomials® ). We know that the map I;Tnc; ®psn b, — H, is
an isomorphism from proposition 2.3.9. This implies that the morphism of (]fln,ﬁn)—

bimodules
ﬁnc; ® psn c;ﬁn — H,
he @ ch’ — heh!

is an isomorphism.

The commutativity of Pf" together with the second proposition implies that

as (PS», PS»)-bimodules, which concludes the proof. O

2.4 Quotients

Foranyi =1,...,n,let i : H; — H, denote the natural inclusion, and let 7 : H,, — H,, be
the natural projection. We define H; ,, as 7(i(H;)). We also define P, ,, = P;/(P; N (Pyny,),
and note that Hzf ® Pi,n = }_Im

We have the following theorem

cdefined as ((F(z1, ..., 2n), g(a1,. .., Tn)) — ((f(##) (g)) 0,...,0)
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Theorem 2.4.1.

i) i is injective

ii) I:Im has a unique irreducible module

iii) For all j >1i, j <n, Hj, is a free H;,, module of rank

(n—1)!j!
(n—7)'4!

Proof.

i)

ii)

This is a consequence of lemma 2.2.3. In fact, ¢ is a morphism of P,-modules that
sends T, € H; to T,, € H,, that is, sends a basis of H; in a collection of linearly

independent elements in H,,, hence it is injective.

First, note that we have the following exact sequence (because of the third isomor-
phism theorem)

Hin; =

0= ——"— > H, »H —0
Hin; N Hyny, o ‘

If we show that % C Rad(H;) we are done, since the radical annihilates
every simple module. Since the Jacobson radical contains every nilpotent ideal, it
is equivalent to show that the same ideal is nilpotent, which is true if, for some k,
(Hin;)* C Hyn, holds.

Denote by n1,...nm, the elementary symmetric polynomials in n variables (which
generate ny,), and ¢1,...,:; the ones in i variables. We want to show that for any
j=1,...,17 there exists some h € N such that L? € Hyn,.

Note that if n;(a) = 0 for any [ = 1,...,n, then the only possibility is @ = 0. In fact,

because of the well known identity

n n

H(t —as) = Z(—l)”*’ﬂnn_r(al, ey ap)t”

s=1 r=0
we get that if a kills all elementary symmetric polynomials then a is one of the roots
of t", that is, a = 0.
Since ¢;(0) = 0 for any k = 1,...,14, that is, ¢x vanishes on V(n1,...,7n,) (the set of
their common zeroes), Hilbert’s Nullstellensatz implies our claim.
Easily, for any v = 3" v;¢; (v; € H;) we have that v™ax{hhil ¢ [T n, if we denote
by h; the natural number such that L?" € Hp,n, (recall that the elementary symmetric

polynomials are in the center of H;). So we have the thesis.
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iii) First we note that a base of H;,, is given by {:Bh}h:( . The linear inde-

h17"~7hi)7hSSn_s
pendence is guaranteed by the one in H,,, and they are obviously a set of generators.

In particular, we have
iln!

dimK(Hi,n) = m

Now, we note that any permutation w € S; can be decomposed as w = Tu, where
7 € S; and u € S; with the property u(k) < w(k + 1) for any & < i. This, in
particular, implies that [(w) = I(7) + l(u) and so we have T,, = T;T,. So, for any

element of the base, we can write
bew = a:hiTTxthu

so the image of the 29T, elements gives a basis of H jn as a ﬁm—module. We have

that
Hip=Hipo @ (Kafit'.. .2y @KT,)
’LUE[SZ‘\S]'}
0<a;<n—l1

!
which implies, since the permutations of u-type are ],—‘, that
7!

= (n=i)y!
dim,, Hin = 0=



Chapter 3

slyo-categorifications

We want to categorify sly actions, meaning that we want to give the right notion of an sl
action on an abelian category. To answer this question, the best approach is to look at sly
actions on specific categories looking for specific common structures.

As an example, if we consider the category C = @,, Rep(S,,) (formed by putting together
all the representation categories of all symmetric groups, on a fixed field we do not specify),
and take the induction functors Ind%ﬁ:_l and the restriction functors Res%sz_l, these
induce an sly action on Ky(C). Moreover, there is a natural endomorphism of Ind given
by the action of the Jucys-Murphy element (1,n)+ (2,n)+---+ (n —1,n), and a natural
endomorphism of Ind? given by the action of (n,n + 1).

These morphisms are present in many other examples of an slo-type of action, which is
why Chuang and Rouquier defined a notion of slo-categorification the way we are about

to see. With this in mind, we start to give the appropriate definitions.

Throughout the whole chapter, K is an algebrically closed field and C is a K-linear abelian
category of finite type, with the property that the endomorphism ring of any simple object
is the field K.

3.1 Weak sl,-categorifications

We start by looking at a category with “just” an sls action on its Grothendieck group
compatible with its generators (simple objects). We can already obtain some results,

but we do not get the nice properties of sly-representations (for example we are unable

47
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to identify a categorical analogue of the unique simple module in a given dimension).
Moreover, not every weak sly-categorification can become a proper sly-categorification (we
will mention two examples), so this highlights the importance of the additional structure

even more.

Definition 3.1.1. A weak sly-categorification is the data of two adjoint exact functors
E,F :C — C such that

e The action of [E] and [F] on V = Q ® K(C) gives a locally finite sla-representation
e The classes of simple objects of C are weight vectors
e [ is isomorphic to a left adjoint of E

As with slo-representations in chapter one, often we write £, = F, F_ = F. Also, we

denote by ¢ : EF — Id the co-unit, and 7 : Id — FE the unit of the adjunction.
We have some (immediate) implications
e = F =0 gives a weak slo-categorification, called trivial.
e If C has a weak sly-categorification, then C°PP admits one too.

e [f we fix an isomorphism between F' and some left adjoint of F, we get that swapping

E and F' gives another weak slp-categorification. We call it the dual.

e In the case C = A-mod for some finite dimensional algebra A, the first condition

is equivalent to the same condition for Ky(C-proj) ®.

of lemma 1.2.2, that implies the sly-action on V = Q ® Ky(C- proj) is well-defined.

Essentially that is because

Note that this doesn’t mean that C-proj has a weak sly-categorification, but only
that V has a natural slo-module structure.

In this case, the perfect pairing

Ky(C-proj) x Ko(C) — Z
([P],[S]) = dimg Home (P, S)

induces an isomorphism of slo-modules between Ky(C) and the dual of Ky(C-proj).

*We are subtly using that any finitely generated module admits a projective resolution. This is well-
known and a proof can be found, among the others, in [Jac12]
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Definition 3.1.2.

Let C,(E,F) and C’, (E', F') be two weak sly-categorifications. A morphism of weak slo-
categorifications is the data of a K-linear functor R : ¢’ — C and of isomorphisms of
functors (4 : RE, — E+R such that one of the following diagrams is commutative (each
one determines the other. In fact, only one of (. and (_ is needed, since the other is

uniquely determined)

_ ¢!

RF' ¢ FR ER * RE'
lanF’ 1rr E’T llERW/ ElRE’T
FERF' FRE'F’ ERF'E' EFRE'
1pCy g 1p¢-1g

Note that choosing 1¢ : C — C, (+ = EL gives the identity morphism of weak sls-
categorifications. Also note that any two morphisms R : C — C’, S : ¢’ — C” can be
composed to give another morphism So R:C — C”.

Moreover, for any full subcategory D of C stable under subobjects, quotients, £ and F,
the canonical functor D — C is a morphism of weak sly-categorifications.

Also note that R, being K-linear, induces a morphism of sly-modules
[R]®1 : Ko(C'-proj) ® Q — Ko(C) ® Q

In particular, in the general case R does not induce a homomorphism between the Grothendieck
groups of the two categories, since exact sequences are not guaranteed to be preserved in
the case of non-projective objects (R is not required to be an exact functor).

We now prove a useful lemma

Lemma 3.1.3. The commutativity of any of the two diagrams in the definition above is

equivalent to the commutativity of either of these two diagrams

lR’I]/ 7’]1R 1R€, €1R
RF'E' —— FRE'——= FFER RE'F' ERF' EFFR
C-1gpr 1rCy C+lpr 1e¢-

Proof. Let us prove the above diagrams are commutative for any morphism of weak slo-
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categorifications R. It is enough to consider the following diagram

1Tt
R LA FER ot FRE'
llRﬁ, ilFERn/ 1
RE'E FERF'E' FRE'F'E' FRE'
C-1gr

A similar argument works for the second diagram. Viceversa, if we have the commutativity

of the first diagram we can write

RF Id RF' < FR
k/lw TlRFIE
Nl pps RF'E'F’ 1rre’
m
FERF' : FRE'F'
1 g

that, being commutative, proves that (R, (1) is indeed a morphism of weak sly-categorifications.

Again, the second case can be proved with a similar argument. ]

We now fix a weak sls-categorification on C, and investigate its properties.

Proposition 3.1.4. Let V) be a weight space of V', and let Cy be the full subcategory
of objects of C whose class is in V\. Then C = @, Cx. In particular, the class of any

indecomposable object of C is a weight vector.

Proof. Let M be an object of C with exactly two composition factors Sy, So (with the
same meaning of theorem 1.3.4), and assume that those are in different weight spaces. It
follows that there is some x € {4+, =}, {i,j} = {1,2} such that h.(S;) < h.(S;) = .

We have ETM = ES; # 0, which means that E” ETM is in the S; weight space, and
so are all the simple objects determined by its composition series. In fact, having a weak

slo-categorification, all classes of simple objects are weight vectors. So, we have

Hom(E" ,E; M, M) ~ Hom(E, M, E; M) ~ Hom(M, E" , E; M)
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and this spaces are not zero (since E] # 0 implies 1gr # 0). So, since C is abelian, M
has a nonzero simple subobject and a nonzero simple quotient in the S; weight space. For
uniqueness of the simple components of the composition series, this means that S; is both
a subobject and a quotient of M, which implies that S; is too. In other words, the exact
sequence 0 — S1 — M — So — 0 splits and M ~ S; @ So.

We have shown that Ext!(A, B) = 0 for any simple A and B in different weight spaces.
This is enough to prove the thesis, because it implies that any two objects with composition
factors pairwise in different weight spaces have null Ext!, so C is indeed a direct sum of

full “weight” subcategories. O

In particular, this decomposition even mirrors the fact that a locally finite sly-module
can be written as an increasing union of finite dimensional slo-modules. In fact, for any
M € ObC(C, we can consider the set of all isomorphism classes of simple objects that are
in the composition series of E‘F/M for some 4,j. Denote it by I. Since Ko(C) ® Q is
locally finite as a sly-module, for 4,5 > 0 we have E‘FJM = 0, which implies that I is
finite. Taking the Serre subcategory P generated by the objects of I, we have found a
subcategory stable under £ and F' such that the slo-module on the Grothendieck group

given by the weak sls-categorification is finite dimensional.
We now prove a result for the derived category. We state it now because (unlike all the
later results about it) it doesn’t require more structure than a weak sly-categorification.

Lemma 3.1.5. Let C € Ob D*(C) such that Hom p ey (E*T, C[j]) = 0 for all i > 0, all
j E€7Z and all T € ObC simple such that FT =0. Then C = 0.

Proof. Suppose C' # 0, take n minimal such that H"(C') # 0 and S € Ob(C simple such
that Hom(S, H™"(C')) # 0 (for instance, any simple subobject of H™((C)) .
Let T be a simple subobject of F'~(5) S then

Hom(E"- )T, §) ~ Hom(T, F'-(5)8) # 0

that implies Home(A)(Eh*(S)T,C[n]) # 0. Since FT = 0, we have an absurd and the

thesis is proven. 0

Pthe smallest full subcategory with the property that if 0 - A — B — C' — 0 is a short exact sequence
in C then A,C € ObC <= B € ObC(. Essentially, this means that it is closed under subobjects, quotients
and extensions.
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Remark. There is a version of this lemma with Hom(C[j], F'T) with ET = 0. Also, E

being a right adjoint of F', there are similar statements with £ and F' swapped.

Proposition 3.1.6. Let C' be an abelian category and G a complex of exact functors
from C to C' that all have exact right adjoints. For any M € ObC,N € Ob(’, we have
GY(M) =0,(G)(N) =0 for |i| > 0. If G(E'T) is acyclic for alli >0 and all T € ObC
simple such that FT = 0, then G(C) is acyclic for all C' € Kom®(C)

Proof. We denote by GV the right adjoint complex to G (see lemma 1.2.3). We have an
isomorphism of Hom-sets in the derived category, for any C, D € Ob D*(C)

Hom pe ¢ (C, GYG(D)) ~ Hom pe e (G(C), G(D))

If C = E'T, those spaces vanish by hypothesis (since an acyclic complex is zero in the
derived category). Applying the lemma we just proved, we know that these spaces vanish
for any C. Then choosing C' = D we get that Hompy(er)(G(C),G(C)) = 0, which means
that G(C) = 0 in D®(C’), which means it is an acyclic complex. O

Before moving on to actual sls-categorification, we investigate a bit more about the action

of F on simple objects.

Lemma 3.1.7. Let M € ObC, and assume that d(S) > R for all S simple subobjects
(resp. quotients) of M. Then d(T) > R for all T simple subobjects (resp. quotients) of
EiM, i>0.

Proof. By the weight space decomposition we proved, it is enough to consider the case in

which M lies in a weight space. Let T' be a simple subobjects of E{ M. Since
Hom(ELT, M) ~ Hom(T, EY) # 0

there exists S simple subobject of M that is a composition factor of EEFT. This implies
that d(S) < d(ELT) < d(T') and we're done. An identical argument works for the quotient

case. O

Remark. With the same notations of lemma, 1.4.4, define C=¢

as the full Serre subcategory
of C generated by the objects whose class is in V=¢. Then, still from lemma 1.4.4, it

follows that the weak sly-structure on C restricts to one on C=¢ and induces one on C/C=¢.
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Theorem 3.1.8. Define C, as the full subcategory of CS" with objects M such that if S
is a simple subobject or a simple quotient of M, then d(S) = r. Then, C, is stable under
E..

Proof. Again, we only need to consider the case in which M lies in a weight space. So let
M € C, with such property, and let T be a simple subobject of F4+ M. We know from the
previous lemma that d(7") > r. On the other hand,

d(T) < d(E4M) < d(M)

hence d(T") = r, so the thesis is proven. The proof for quotients is, again, very similar.
O
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3.2 sly-categorifications

Definition 3.2.1. An sly-categorification is a weak sls-categorification with the extra
data of ¢ € KX and a € K, with a # 0 if ¢ # 1, and of X € End(E) and T € End(E?)

such that
(1T) o (T1g) o (1gT) = (T1g) o (1gT) o (T1lg) in End(E3)
(T4 1g2) 0 (T —qlg2) =0 in End(E?)
X1 if g #1
To(1pX)oT =41 " 7 in End(E?)
Xlg-T ifqg=1

e (X —a) is locally nilpotent
Definition 3.2.2.
Let C,(FE, F,a,q,X,T) and C',(E',F',d,q', X', T") be two sly-categorifications. A mor-
phism of sly-categorifications from C’ to C is a morphism of weak sly-categorifications

(R, (1) such that a = @/, ¢ = ¢’ and the following diagrams commute

C+1 1E¢

RE' C*:> ER RE'FE’ +> ERFE' +> EER
1Rx'l J{XlR 1RT'l TlRi
RE' C—:> ER RE'FE’ = ERE' = FFER
+1p ety

The following proposition is the reason we introduced and studied affine Hecke algebras

in Chapter 2.
Proposition 3.2.3. For any n € N
Yo+ Hy(q) — End(E™)

T — 1En—i—1T1Ei—1

Xi—=1gn—iX1gia
is a morphism of algebras.

Proof. We have to show that -, respects the relations that define the affine Hecke algebra.

We show the non-immediate ones.
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« (T —a)(Ti+1)=0]

(W(T3) —q) o (W(T3) +1) = Agn-i-1T1gi-1 —qlgn) o (1gn—i-1T1gi-1 + 1gn)
= 1En—i—1 ((TlEi—l — qlEi+1) o (TlEi—l + 1Ei+1))
= 1En—i—l ((T — q1E2) (¢] (T+ 1E2)) 1Ei—1 =0

o ‘TiTz‘HTi =T TiTia ‘

Y (Ti) 0 Yn(Ti1)oVn(Ti) = 1gn-i-1T1gi-1 0 1gn-i-2T1pi 0 1gn-i-1T1pi
s (1T L prs 0 1o (T15) L gior 0 1 gnosa(15T) ] gis
i (1pT 0 Tlg o 15T) 1 i
—1pni2(TlpolpToTlp) 1
—Agn i 2T g0l iaTlgin ol ioTly

= 'Yn(Ti+1) oY (T3) o 'Yn(Ti+1)

. ‘ﬂXiE:qu+laQ7é1‘

Y (13) 0 Y (Xi) o (i) = 1gn—-i-1T1gi-1 0 lgn-i X1gi-1 0o lgn—i-1T1gi1
= 1En—i—1 (T o 1EX e} T) 1Ei—1

=q(lgn-i1 X1glgi1) = ¢y (Xit1)

. ‘XiﬂTz‘:TiXile ; qzl‘
We prove the equivalent T; X;T; = X; 11 — T; (right multiplication by 7; is invertible
in H,(1)).

Yn(Ti) 0 Yn(Xi) 0 Y (T3) = 1gn-i-1T1gi-1 0 lgn-iX1gi-1 0 1gn-i-1T1pia
=1gn-i-1 (TolpXoT)lgiw
i1 (X1 — T) 1 pin
=1pn-i1X1pgi — 1gn-i-1T1gio = 1 (Xit1) — W(T5)

An important remark is that, with our assumptions, as a H,-module End(E"™) € N,,.
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Remark. Note that, since (E™, F™) is a pair of adjoint functors, we have an isomorphism
¢ :End(E"™) = End(F™)°PP (3.1)
and, therefore, we have an analogue morphism & o v, : H,, — End(F™)°PP.

Remark. We can define an sly-categorification on the dual category C°PP as follows: we
define X as X1 if ¢ # 1, and as —X if ¢ = 1. Then we fix an adjunction (F, E). This
allows us to translate X and 7' (endomorphisms of E and E?) into endomorphisms of F
and F2, which we take as defining endomorphisms of the dual categorification. Finally, we

define ¥ =a~tifg#1,or a¥ = —aif g =1, and ¢V = 1. This is an sl-categorification.

Remark. The scalar a can be shifted. If ¢ # 1, for any A € K* we can define a new
categorification replacing X by AX, which changes a into Aa. Therefore, a can always be
adjusted to 1. If ¢ = 1 we can do the same: for any A € K, replacing X with X 4+ Alg, we

get a changed into a + A, which means we can adjust a to 0.

Remark. If V is a multiple of the simple 2-dimensional sly-module, then a sly-categorification
is the data of C_; and C; with equivalences E : C_; = C; and F its inverse, along with
g,a and X € Z(Cy) ¢ (since E?> =0, T = 0), the only requirement being X — a nilpotent.
However, as soon as V' contains a copy of any simple k-dimensional (k > 3) slo-module,
then a and ¢ are determined by X and T. In fact, as long as E? # 0, a and ¢ are de-
termined by the relation T o (15 X) o T = ¢X1p (or X1 — T implies ¢ = 1), using the

requirement that X — a is locally nilpotent (therefore looking at the eigenvalues of X).

Lemma 3.2.4.
For v € {1,sgn}, we define the subfunctor B C E" as O = Im {7, (c) : B" — E"}
We have EM = E(Ln) ~ E(Sgn,n), and

E" ~n!. E™

‘recall that the center of a monoidal category is defined as the commutative monoid of endomorphisms
Of Idc
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Proof. First, note that E" ®py, H,cl, — E™) is an isomorphism. This is trivial on any

object and respects morphisms. Because of proposition 2.3.11 then we have that the map

E™ ® s, T H, — E"

Py

is an isomorphism, too, which implies the thesis. O

An example
Recall the following classic definition

Definition 3.2.5. Let A, B K-algebras, ¢ : A — B a homomorphism. We can define

Ind?% : A-mod — B-mod
(objects) M — B®aM
(morphisms) «: M — M' —Id®a: B® M — B® M’

and
Resf : B-mod — A-mod

(objects) N — N
(morphisms) B:N —+ N — 3: N — N’

where in the object definition we use ¢ to view N as an A-module, and we view 3 as an
A-module morphism.

Recall also that (IndZ, Res%) and (Res%,Ind%) are pairs of adjoint functors.

Now we describe an sly-categorification of the 3-dimensional irreducible representation of

sly in detail. We define
Co=C=K , Co=Kl/@&*

and put C; = C; — mod. Then we define

Ind’, on C_5 — Co 0 onC_y — {0}
E= ResgJ on Cyp — Co ) F = ReSQQ on Cp — C_9
0 on Cy — {0} Ind) on Cy — Co

We put ¢ = 1, a = 0, and we define X as the multiplication by —z on Indgg, and the
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multiplication by z on ResJ. Finally, we define T € End(E?) : since E? : C_y — Cy (it is
zero anywhere else), we note that for any M € C_a, EM is the module K[z]/(2?) @ M,
and E%2M is the same space viewed as a vector space (meaning we forget that = can act
on it). We can then define T' as the morphism induced by swapping 1 and z in K[z]/(z?),
that is

Ty M @ K[z]/(2?) — M @ K[z]/(z?)
m® (ax +b) — m & (bx + a)

This is clearly a natural transformation: for any morphism f : M — M’, defining E?f in
the obvious way 9 it is clear that swapping the generators of the “right part” of the tensor

doesn’t involve f, viceversa. In other words

(E%f o Tag)(m @ (ax + b)) = E2f(m ® (bx + a)) = f(m) @ (bx + a)
=Ty (f(m) ® ax +b) = (Tag 0 E*f)(m @ (az + b))

and we have the desired element 7' € End(E?).

To check if this is an actual sly-categorification on C = C_g ® Cy & Co, we need to verify
that the conditions given in definition 3.2.1 are fulfilled. We start by showing that this is
a weak sly-categorification. As we have seen, both (E, F') and (F, E) are adjoint pairs of
functors. We have seen before that Ko(C_2) = Ko(C2) ~ Z.

From the structure theorem for finitely generated modules over a P.I.D., we know that
the indecomposable elements in (K[z]/(2?))- mod are only (K[z]/(z)) ~ K and K[z]/(z?)
itself, so any module is a direct sum of copies of these two modules. From the exact
sequence

0—- K5 Kz]/(2?) 5 K—=0

we get [K[z]/(2?)] = 2[K], so K¢(Co) ~ Z and we get Ko(C) ~ Z3. Tensoring with Q, we
get a 3-dimensional vector space V. We can easily see that the action of e is given by the

matrix

o O O
o O =

0
2
0

in fact e.[K] = K € Cp and e.[K[z]/(2?)] = K[z]/(2?) € Ca, seen as a 2-dimensional vector

4Ef is just the natural Ef : M ® K[z]/(z?) = M’ ® K[z]/(z?) that sends m ® n to f(m)@n
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space (so the dimension indeed doubles). An analogue result is true for f, and this proves
that Ko(C) ® Q is indeed isomorphic to Vi defined as in theorem 1.4.2. In particular, it
is an slo-module and the classes of simple objects are weight vectors. So this is a weak
slp-categorification.

To prove that the additional data of X, T a, q gives a proper sla-categorification, we need

to verify the conditions.

o |(1gT) o (T1g) o (1gT) = (T1g) o (1gT) o (T1g) in End(E?)

Since E? = 0, this is trivial.

o |¢p=(T+1p)o0(T—qlg)=0in End(E?)
We only need to check M € C_o, since E? is zero on the other two components. If

M € C_y, E?M = M ®k K[z]/(2?) € C2 (seen as a vector space). So we get

du(m® (ax + b)) = (T'+1d)(T — Id)(m @ (azx + b))
=(T+1Id)(m® (bx +a) — m® (ax + b)
=m®(ax+b) —m®e®(br+a)+me (br+a) —m® (ar+b) =0

e |¢p=To(lgX)oT = X1g—T =1 in End(E?)

Or1(m @ (az + b)) = (T 0 15X)(m & (az + b))
=T(-m®azx)=-m®R®a
Yu(m® (ax+b)) = (Xlg—T)(m® (ax+b) =mbr — (m® (bxr+a)) = —-mRa

° ‘X is locally nilpotent‘
If M € C_9, then

XJQ\/[: EM — EM — EM
m® (ax+b) — —-mbr — mx0=0

If M € Cy, then

XZZM: EM - EM — EM
m® (axr+b) — mbr — mx0=0

So this is, indeed, a sls-categorification.
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Remark.
Define everything as above, but this time choose C_s = C2 = (K[z]/(2?))- mod and

Cp = K-mod. So now we have

Res Ind
K-mod
Ind Res

(K[z]/(x?))- mod (K[z]/(2?))- mod

and this is a weak sly-categorification of V5.

However, it cannot become an slo-categorification, because, as we are about to see, E? is
an indecomposable functor (and this would contradict lemma 3.2.4).

Suppose E? = A@ A'. Since E*(K) = K[z]/(2?), which is indecomposable, clearly we
have either A(K) = 0 or A’(K) = 0. Without loss of generality, suppose A(K) = 0. The
exactness of A implies that A(K[z]/(z%)) = 0, and this implies that A = 0 since the only
two indecomposable (K[x]/(2?))-modules are K and K[z]/(z?). So E? is indecomposable.

Remark.

Even if E™ can be decomposed, it is not guaranteed that the weak slo-categorification can
become an sly-categorification. Choosing C_s = C = K-mod and Cy = (K x K)- mod and
defining ¥ and F' as induction and restriction functors in the usual way, then we get that
Ko(C) ® Q ~ Vo @ Vj as sly-modules. Here, we have E? ~ E @ E, but still this can’t be
turned into an sly-categorification. In fact, suppose there is X € End(E), T € End(E?)
with the required properties. We have End(E?) = Endg (K x K), so X1g = 1pX = alpe
(recall Schur’s lemma). This gives an absurd because the morphism Hy(q) — End(E?)
should induce one on the quotient Ha(q)/(X1 = X2 = a) ~ 0, but alg2 # 0, so this can’t

become an slp-categorification.

A general recipe

Given an abelian category C and two left and right adjoint functors F and E together
with X € End(E) and T € End(E?) which satisfy the relations of an affine Hecke algebra
for some ¢, we obtain an sla-categorification on C for each a € K, given by the generalized
a-eigenspaces of X acting on E, F, denoted by E = E,, FF = F,. We only need to check
that F and F' indeed do give an action of sl on the Grothendieck group, because the fact

that T restricts to endomorphisms of E and E? with the desired properties is automatic.
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That is because of lemma 2.2.4. In fact, in Ha(q)

N-1 A ‘
(Z(Xl —a)'(Xg — a)N_l_Z> if ¢ #1

Tl(Xz — a)N — (Xl — a)NT1 = N—1 =0

> (X

1=0

(¢—1)X
1— a)i(Xg — a)N_l_i ifg=1

so if we take an object M and consider E, M, we have that T'E, M is still killed by (X —a)"
for some N, essentially because we know that for some n ((X — a)"E,)M = 0, and we

can use the identity above to write (X — a)VT as a linear combination of things that kill
E,M for a big enough N.

3.3 Minimal categorifications

In the following, we build a categorification of the finite dimensional simple sls-module for

each n € N. These categorifications are minimal in a sense we will specify later.

Definition 3.3.1. Fix ¢ € KX, a € K with a # 0 if ¢ # 1. Let n > 0 and B; = H;,, for
0 <17 <mn. We define

where E = ). Indgz+1 and F' = >, Resgi_l. Recall that those are defined as

Indgfrl = Bij11 ®p; — and Resgf’l = Bj1 ®p,,, —, therefore they are clearly left and

right adjoint.

Note that, because of theorem 1.3.5 and theorem 2.4.1 we have that
Ko(C(n)2i—n) ® Q ~ Q[B;]

In fact still from theorem 2.4.1 we have that B;i1, as a B;-module, consists in a certain

number of copies of B;. Now, since

FE(BZ) = B;41 X B, B~ B ~ (Z + 1)(7’L — Z)Bz
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we get that in Ko(C(n)) @ Q
([ENF] = [FIIEN([Bi]) = (2i — n)[Bi]

so ef — fe acts as A on Ko(C(n),) which, together with the other properties, means that
we have a weak sly-categorification.

The image of X;11 in B;y1 gives an endomorphism of Indgz“

by right multiplication on
Bi+1. We define X € End(F) as the direct sum of all these endomorphisms. In the same

way, we define T € End(E?) as the direct sum of the endomorphisms of Indgi+2 e

given
by the action of T;;; on B;;2. Both are well-defined on the quotient because T;41 and
X;4+1 commute with every element of H;. To see this is an sly-categorification, we need to

verify the properties.

o |(1gT) o (T1g)o (1gT) = (T1g) o (1gT) o (T1g) in End(E?)

Let M € Bi-mod. Note that E3(M) = M ®p, Bi13. Also note that T'1p is right
multiplication by Tj;2, while 15T is right multiplication by T;11 (this is easily seen
applying the definition of horizontal composition of natural transformations). So,

for any m ® k € E3(M) we get

(1ET) e} (TlE) o (1ET) TmEk—>meE (kTi—&—sz'-i—2Ti+1)
(TlE) o (1ET) o (TlE) Mk —>meE (k‘ﬂ+2T¢+1Ti+2)

which proves the property, since T;+1T5+9T54+1 = TiroTi41T542 in Hy,.

o | (T+1p2)0 (T —qlg)=0in End(E?)
Again, we just need to apply 7. Given m ®@ k € E*(M)

(T+1p2) o (T = qlp2)(m @ k) = (T'+ 1p2)(m @ (kTig1) — qm @ k)
=m® (kT7,) —qm @ (kTip1) + m @ (kTip1) —qm @ k
=m@ k(T — ¢Tis1 + Tivn — q) =0

°recall that Indg:ii o Indgz+1 ~ Indgj+2 in the obvious way



3. sly-categorifications Minimal categorifications 63

X1 itg#1
o [To(pX)or=0"""" 7 in End(E?)

X1p—T ifg=1

First we investigate the action of the left side. For any m ® k € E?(M)

(TO (1EX) o T)(m X k) = (T o (1EX))(m & (sz-i-l))
=T(m® (kTi11Xi11)) = m ® (k11 Xi11Ti41)

If ¢ # 1, we are done since m ® (kT; 11 X;11Ti+1 = m ® (kqX;42) = ¢X1p(m Q k).

If ¢ = 1, then we just have to compute
X1g—T)(m®k)=m® (kXij12) —m & (kTj4+1) = m ® (kXit2 — Tit1)

We ask if
?
Xivo —Tit1 = Tia Xit1Tita

?
Xiy2 = (Ti1Xiv1 + 1)Tign
?
Xive = (XipoTip1)Tip1 = Xipo
and we are done, since the local nilpotency of X — a follows from the one of every

addend of the direct sum.

Note that the representation on the Grothendieck group is exactly V,, (the simple n 4 1-
dimensional slp-module). Also, we saw in section 2.1 that a (weak) slp-categorification
defines an slp-module structure on the Grothendieck group of the full subcategory of
projective objects, so in this case we have one on Ky(C(n)- proj)®@Q that still has dimension
n + 1. The identity morphism of sly-categorifications Id : C(n) — C(n) gives us a nonzero
morphism

i: Ko(C(n)-proj) ® Q — Ko(C(n)) ® Q

This has to be surjective (implied by Schur’s lemma, remembering the right representation

is irreducible), and since the dimensions are equal it is actually an isomorphism.

To see in what sense we call these sly-categorifications minimal, we need the following

lemma
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Lemma 3.3.2. Let C a category with an sla-categorification, and let S be a simple object
of C. We definen as hy(S) and i <n. Then

a) EMS is simple

b) The socle and the head of EWS are isomorphic to a simple object S’ of C. Also,

there are isomorphisms of (C, H;)-bimodules

soc E'S ~hd E'S ~ §' ® K;

¢) The morphism ~; : H; — End(E'S) factors through H,, and induces an isomor-
phism H;, — End(E"S)

d) We have [EWS] — (7)[S"] € V=d)—1
Also, we have similar statements replacing E by F and h4(S) by h_(S5).

Proof. We take the isomorphism classes of simple objects as a basis of the slo-representation
on the Grothendieck group. Note that it satisfies the requirement that @,z Q>0b is sta-
ble under the action of e..
First, we prove (a) in the case F'S = 0. Using lemma 1.4.4 (with the same notations),
we have that [S] € Ly. So, by the isomorphism defined in 1.4.4.(3), we have that
[E(™S] = r[S'] for some simple object [S'], » > 1. The fact that [F(WEMS] = [§]
implies r = 1, so we are done.
Now we prove that (a) implies (b), (¢), (d).
From (a) and 3.2.4 we get that E™S ~ n!S” for some S” simple. This means that, as
(C, Hy)-bimodules,

E'S~S"®R

for some right H,-module R € N,,. A dimension count easily shows that R ~ K,,.

Now, E" "soc WS ¢ E""E(WS ~ §"® K¢} implies that, since $” ® K,,c! has a simple
socle (see [CRO8], lemma 3.6), E" *soc E(®S is an indecomposable (C, H,_;)-bimodule.
Moreover, if S’ is a nonzero summand of soc E()S, then E"~*S" # 0 because of theorem
3.1.8, which means that there is only one summand and, therefore, SOC(E(i)S) is simple.
As before, soc E'S ~ S’ ® K; so we proved (b) in the socle case.

Now we prove (c). Because of lemma 1.5.5, dim End(E(")S) is at most the multiplicity
p of S as a composition factor of E(®)S. Remembering that E~95" £ 0, we get that
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dim End(E®S) is at most the number of composition factors of EM~)E®S ~ ()8,

This implies that
n

. > = dimf[i’n

7

dim End(E'S) < (i!)2<

Since ker(v7) is a proper ideal of H,, then ker(y>) C Hyn, (since H, is simple).

In particular, we have ker(y?) C H; N (n,H,), which implies that the canonical map
H; — H,, factors through a surjective map Im(y?) — H;, . So 77 is surjective and
therefore an isomorphism H;,, — End(E'S), and (c) is proven.

Note that this also gives p = (’Z) Moreover, if T is a composition factor of E®S, and
EM=9T 20, it must be T' ~ S’. This proves (d) and the head case of (b), after noting
that theorem 3.1.8 implies, as with the socle, that hd(E(i)S ) is not killed by E(n=i),
Finally, we prove (a) in the general case. Let T be a simple quotient of F("~(5)§  and

consider the isomorphism
Hom(S, E"T) ~ Hom(F") S, T) # 0

so S is isomorphic to some submodule of E)T. Since FT = 0, E™S ~ mS’ for some

simple object S’, m > 0, and we have
Hom(E™ S, $") ~ Hom(S, F(™ 8"

Since ES” = 0, from (b) (implied by (a) in its F' version for all objects O with FO = 0)
we have that soc(F (n) g7 ) is simple, which (since morphisms preserve the socle and S is
simple), along with Schur’s lemma, implies that dim Hom(S, F(§’) < 1, so m = 1 and

we are done. O

Corollary 3.3.3. The sly(Q)-module V=% is the sum of the simple submodules of V' of

dimension < d

Proof. For any S simple object of C, put r = h_(S). By (a), S’ = F(")§ is simple. This
implies that, by adjunction
S ~ soc B &’

and we know from (d) that [E()S'] — (d(f))[S] € V=dS)-1,
So by induction on r we deduce that {[E"S']} g/ gimpie, Fs—o, 0<r<n, (s generates V. Using
lemma 1.4.4 : (ii) = (i), we have the thesis. O
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We need one more lemma

Lemma 3.3.4. Let U be a simple object of C with FU = 0. let n = hy(U), i <n. Define

a map ¢ as

)
. /—H\ i+1
1 . 7 . 7
F'U ®p, Bit1 T FEMWU ®p, Bin — FEHY

where 1 is given by the action map of Biy1 on FE™IU. Then ¢ is an isomorphism.

Proof. Because of the equivalence defined in 2.3.11, we can prove the map is an isomor-
phism after applying — ®p,,, Bitic} 11
First we note that, since @ it 2K~ Py,

0<a;<n—lI

n—i—1
Biticiyy = @ Pinaiiicio
a=0
Now, consider the composition
. n—i—1 .
p=go(f®l): EU®  Ka* » FEIU
a=0

where we put

i 1pel U
f: E(l)U M) FEE(z)U FOSi\Si41] FE(Z-_H)U
n—i—1
g: FEIU @ @ Kz® — FECDY
a=0

If we prove that ¢ is an isomorphism, we are done.
First, we note that [FECDU] = (n—i)[EWU] L. So it suffices to prove that ¢ is injective.
We restrict ¢ to a map between the socles of the objects (as objects of C). We define

$q : soc EDU — FECDY

fSince £V = E,—,j, and we have that (ef — fe)([E'U]) = (2 — n)[E?U], then following the matrix
J:
representation given in 1.4.2
1
(i 4 1)!

FEHU) = ot FelE U] =

i+ —
[FETUL = (i+1)

felBVU] = (n =) EVU]
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as the restriction to the socle of EOU @ Kz for any 0 <a<n-—i—1.
We know from lemma 3.3.2 that soc(E(i)S ) is simple, so what we actually need to prove
is that the maps ¢, are linearly independent. By adjunction, it is equivalent to prove the

linear independence of the maps

1
C[S¢\5¢+1
R

] E(H—l)U

xalsoc(E(i) U)

Yq : Esoc(EWU) Esoc EWU
Put S = soc(ECTDU) (in particular, S is simple). Recall that soc(E*HU) = S ® K;1 as
(C, Hi;1)-bimodules.

Consider the right (K[z;11] ® H;)-module L = Home(S,soc(ET1U)) and its submodule
L' = Hom¢ (S, soc(Esoc(EU))).

Since L is a simple right H,;;-module® and H;11 = (H; ® K[wiﬂ])HfH, we get that
L= L’Hif“. In particular, this implies that L'c},; = Lc}, ;, hence

soc(Esoc(E'U))cty = soc By

This implies that the second map of v is injective, because soc(E soc(E'U)) is simple (still
because of lemma 3.3.2).

So we have the thesis if we prove that the :L‘“lsoc( p()y) maps are linearly independent.
To do this, we show that the restriction of 'yioc(E(i)U) . Hy — Endc(Esoc(EDU)) to
@I KXY is injective.

Let I = ker <’yi°_cl-(E(i>U) : H,_; — Endc(E™ soc(E(i)U))). As before, I € H,_;n,_;, so
kery; C Hy N Hy—iny,—;, which implies that the (canonical) map

n—i—1
P KX{ — Ende(E" ¥ soc(EVU))

a=0

is injective, which implies the thesis. O

Finally, we can define the morphism that shows why we call the categorification C(n)

“minimal”.

&Since soc(ET'U) = S ® Ki11 and S is simple, any morphism is twisted by the action of H;y1 (so
there is no stable non-trivial submodule of L)
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Definition 3.3.5. Given C with an sls-categorification, we fix U € ObC simple such that
FU =0. We put n = hy(U). Then the following commutative diagram

Ei+1 U®Bi+1 _
Bi+1‘ mod C
Bi11®B, —T TE
B;- mod : C
EiU®p,—

along with this other commutative diagram (a consequence of lemma 3.3.4)

Ei+1U®Bi+1*
Bi+]_— mod C
Bi+1®Bi+1_l lF
Bi’ mod - C
EiU®g,—

defines a morphism of sly-categorifications Ry : C(n) — C, where for any M € B;-mod we
have
Ry(M) =M ®@p, E'U

From lemma 3.3.4, we have (_ : E'U ®p, B;+1 — FE™'U. The commutativity of the re-
quired diagrams immediately follows by the definition of Ry and the two diagrams above.

This morphism allows us to state the following

Theorem 3.3.6. Let I,, be the set of isomorphism classes of simple objects U € ObC such
that FU = 0 and h(U) = n. The morphism of sly-categorifications

Y Ry: P cn) —c

n,UEIy, n,UEly

induces an isomorphism

P Qe Ko(C(n)-proj) = Q® Ko(C)
n,UGIn
so, essentially, for any sly-categorification we get a canonical decomposition of the sly-
module V' into simple summands that are the slas-modules given by the minimal categorifi-

cations.
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Proof. Since the slp-module Ky(C) ® Q is locally finite, any simple object (meaning any
generator of the Grothendieck group) in C is equal to E*O for some O simple such that
FO = 0. So we can decompose Ky(C) ® Q in many submodules, one for each I,,.
By definition of Ry, the induced morphism sends every Ky(C(n)-proj) ® Q in the irre-
ducible submodule generated by U = Ry(Bp) in Ko(C) ® Q, which of course implies that
different pairs n, U are sent in different components.
Moreover, since Ry (B;) = B; ®p, E'U ~ E'U, it follows that any of the restrictions to one
submodule is surjective (and therefore an isomorphism), which means that any generator
of Ko(C) ® Q is in the image of one (and only one) Ry (C(n)). This implies the thesis.

O

3.4 An equivalence on the derived category

Given C a category with an sly-categorification, we want to construct a complex of functors
(for any A\ € Z).
0, : Kom®(C_)) — Kom®(Cy)

To motivate our construction, consider V' = @V, a finite-dimensional representation of

sls. Then we have an action of the Lie group SLs on V.

0 1
In particular, a lift of the non-trivial element in the Weyl group of SLo, s = ( . 0),

acts on V, and gives an isomorphism of vector spaces V;, — V_,. for any r. To generalize

this in a category setting, we will need that (putting e = %e”, and remembering that

Vi—9p is 0 for large p so the sum is finite)

sly, = f) —efr+h) 4 o@e(r+2) _

Definition 3.4.1. We put

EES M| ifr >0 A 47 >0
0, = -

0 otherwise

In order to define d (the differential), we consider the map

EAr—1 Elpr—l

f . E)\+7‘FT — E)rH”*lEFFTfl 1 E/\+T71F7”71
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and note that, since

(sgn,Mr) _ pA+r sgn sgn C plsgn4r—1)
E B sy /St Raen) € F E

and, in the same way, F(17) C FFL =1 we can restrict f to get

A" - E(Sgn,)\Jrr)F(l,r) N E(sgn,)wH"fl)F(l,rfl)

and finally define the complex of functors
0% : = (0)) 7T L5 (0y) T L

We have to prove that ©f is indeed a complex, so we have to show that d'="d" = 0. This

map is the restriction of 1pair—2621pr—2 where we put

1E51F

e : EEFF 25 EF 5 1d

Since EGgnAT) pLr) ¢ pAtr—2p(sen2) p(1.2) Fr=2 44 prove the thesis it is enough to show

that

E2F2 vn(CZg“)(éovn)(Ci))

E?F? 2 1d

with 7, (c5>") acting on E? and (€ o v,)(c}) acting on F2 B, This composition, however,
because of what we saw back in chapter 1 (considering the diagram at 1.1), is the same as
doing

prp2 T, pape o gy

where now 7, (¢ c}) acts on E?. Remembering that ¢;>"ci = 0, we are done. Finally, we

e* =pe;
A

Remark. Since for any slo-representation we have that, for any integer A\, v € V_y, the

can define

action of s is given by

S(U) _ h_z(f) (_1)T 6)\+rfr(v)
r=max(0,—\) T'()\ + 7")'

hrecall the definition of £ in the previous chapter at 3.1
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we have that [©,] : Ko(C_)) — Ko(Cy) (basically [©,] : V_x — V)) coincides with the

action of s.

This definition gives us an immediate equivalence

Lemma 3.4.2. Let R : C' — C be a morphism of sla-categorifications. Then there is an

isomorphism of complexes of functors ©°R = RO*

Proof. We have to prove that for any A we have ROS ~ R@:\/ as functors, and that this
commutes with the differential d. Since the (0))" are defined as restrictions of subfunctors
of F and F, lemma 3.1.3 easily implies the isomorphisms and the commutativity, hence
the thesis. O

Having defined this complex, we are interested to investigate its properties in the minimal

categorification case. We have this lemma whose proof is mostly technical (see [CROS8]).

Lemma 3.4.3. For anyn > 0, C = C(n) the minimal categorification, A > 0 and | = ”%)‘,
the homology of the complex of functors ©f is concentrated in degree —l and we have an
equivalence

Hil@;\ :C_\ —Cy

We can now state the main theorem of this section. It will be very useful in the following

chapter.

Theorem 3.4.4.
The complez of functors ©° induces a self-equivalence of D*(C), which by restriction become

equivalences DP(C_y) = D®(Cy). Moreover, the induced map [©] = s.

Proof. Our goal is to prove that, for any A, the induced map
(:))\ : Db(C,)\) — Db(C,\)

is an equivalence of categories. Since both E and F' have right adjoints, there exists the
right adjoint complex ©%Y (as in lemma 1.2.3). We name ¢ : ©36%" — Id the co-unit of
this adjunction, and Z its cone. Note that, therefore, Z is a complex of exact functors

C,)\ — C,\.
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As usual, we pick U € C with FU = 0 and E'U € C_), and put n = h(U). We consider
the fully faithful functor
Ry : K (C(n)- proj) — K°(C)

that is induced by the Ry we defined in the previous section (that acts on the objects,
so doesn’t change homotopy relations), and note that it commutes with ©% (therefore
commutes with © and Z) by lemma 3.4.2. By lemma 3.4.3 we have Z(E'U) = 0, so by
lemma 3.1.6 we have that Z(M) = 0 in D?(C_y) for all M in this derived category.

This, as we proved in 1.1.21, implies that ¢ is an isomorphism in D?(C_y). So the induced
(:)X is a right inverse of ©,. In a similar way, it can be shown it is also a left inverse, so
we have the thesis.

The fact that the action on the Grothendieck group is the same as the action of s is a

trivial consequence of the remark above regarding the action of the ©j. O

Remark. In [CRO§] it is proven that there is a similar equivalence in the homotopy category

K(C_y) ~ K(Cy).



Chapter 4

Block theory

Recall that if we consider a finite group and a field of characteristic zero, we have the well-
known Artin-Wedderburn theorem which gives us a decomposition of the group algebra
over the field as a direct product of matrix rings. This theorem does not hold a priori
in characteristic p prime, but there is a very useful theorem due to Maschke that tells us

when we can still apply the Artin-Wedderburn theorem

Theorem 4.0.1. Let G be a finite group and K a field of characteristic p . If p does not
divide the order of G (i.e. if the p-Sylow subgroup of G is trivial) then KG, the group

algebra of G, is semisimple.

While proving useful in many cases, this theorem leaves most cases open if G = 5,,, es-
sentially due to the fact that |S,| = n!. So in the case of G = S,, representation theory

over fields of prime characteristic is even more difficult than it is on a generic group G.

In this chapter, we see an application of the sly-categorification results above (in par-
ticular of theorem 3.4.4) that contributes to the proof of an important theorem that
partially addresses this issue. This originally appeared in [CR08]. We need to introduce
some concepts in order to be able to understand it. Since our aim is to give a general
understanding of the theory to make the application understandable, most proofs will be
skipped.

Recall that, as in all this work, all modules are finitely generated.

73
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4.1 Idempotents and block decomposition

Definition 4.1.1. Let R a ring. A element e € R is called idempotent if e = e # 0.
Two idempotents are orthogonal if their product is 0. An idempotent e is called primitive
if it is not equal to the sum of any two orthogonal idempotents. Also note that for any

set of pairwise orthogonal idempotents {ey,...,e,}, their sum is an idempotent.

Note that, if e € R is an idempotent, then 1 — e is another idempotent orthogonal to e.

We have the following theorems (see [Sch12] for the proofs).

Theorem 4.1.2. Let e € R be an idempotent, and L = Re be the left ideal generated by

it. Then we have a correspondence between

All sets {e1,...,e.} of All decompositions
pairwise orthogonal idempotents — {L=Li®---®L,}
withey +---+e. =e€ of L into nonzero left ideals L;
{e1,...,er} — L=Re1 @ - ® Re,

If e is a central idempotent (meaning e € Z(R), we have a stronger result

Theorem 4.1.3. Let e € R be a central idempotent, and I = Re = eR be the two-
sided ideal generated by it. Then I is a subring of R with unit element e, and we have a

correspondence between

All sets {e1,... e} of pairwise All decompositions
orthogonal central idempotents = {I=hL& --&l}
withe; + -+ +e.=e of I into nonzero two-sided ideals I;
{e1,...,er} — I =Re1 D --D Re,

Theorem 4.1.4. For any e € R idempotent the following facts are equivalent
i) The R-module Re is indecomposable
i) e is primitive
iit) the right R-module eR is indecomposable

iv) the ring eRe contains no idempotent other than e
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Moreover, for a noetherian ring R (from now on, we assume R noetherian, since this is

true in the case we are going to examine) we can state the following
Proposition 4.1.5. Let R be a noetherian ring , then
i) 1 € R can be written as a sum of pairwise orthogonal primitive idempotents
it) R contains only finitely many central idempotents
ii1) Any two different central idempotents primitive in Z(R) are orthogonal
iv) The sum of all central primitive (in Z(R)) idempotents is 1.
Having such a decomposition has important implications for R-modules. We can define

Definition 4.1.6. Let e € R be a central idempotent which is primitive in Z(R). We say
that an R-module M belongs to the e-block of R if eM = M.

This implies that ex = x for any x € M ?, and therefore that any submodule or quotient
of M belongs to the e-block as well. We have

Proposition 4.1.7. Let {e1,...,e,} be the set of all central primitive idempotents in
Z(R). Then
M=eM®- - De, M

This is called the block decomposition of M.

Proof. Since e;M C M is a submodule which belongs to the e;-block, and
M=1-M=(e1+ - +e,)MCeytM+---+e,M

we have the sum.
To prove it is a direct sum, choose an element in e;M N i €iM;. This element can be

written as e;x = Z#i ejr; for some elements x, x;. Then we have

e;r = e;je;xr = ¢ E €;T; = g ee;r =0

i#i i

so the sum is direct and we are done. O

Pex = e- 1z = (Y] ;) = e*x = x, where that sum is on all primitive central idempotents in Z(R)
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It follows that, if M is indecomposable, it lies in only one of the e;-blocks.

We are now going to apply this facts to the group algebra KG of a finite group G, where
K is an algebraically closed field of characteristic p. Later we will use that in the G = S5,
case, so it may be useful to think of that example from the beginning.
We define F = E(G) = {ey,...,e-} as the set of all primitive central idempotents. Those
are pairwise orthogonal and their sum is 1. So far, we know that any K[G]-module de-
composes uniquely as

M=eM& - -de,M

where e; M is in the e;-block.
In case of char K = 0, Maschke’s theorem implies that every KG module is projective, and
this allows us to have a complete description of the representations. This fails in the case

of characteristic p, but we can introduce a useful weaker notion

Definition 4.1.8. Let H C G a subgroup. We denote by Resg and Indg the usual
functors between KG-mod and KH-mod. A KG-mod M is relatively H-projective if M
is isomorphic to a direct summand of Ind% (Res$ (M)).

Note that this is equivalent to the requirement that M is isomorphic to a direct summand
of Ind% (L) for some KH-module L.

Another equivalent definition is stating that a KG module M is relatively H-projective if

for any pair of KG-modules A, B and any pair of KG-module homomorphisms

M

ag l
= v
£ B

A——

for which there exists a KH-module homomorphism «g : M — A such that §oag =7,

there also exists a KG-module homomorphism « : M — A such that foa =7.

Note that if we choose H = {1} we get that a module is relatively H-projective if and
only if it is projective. Therefore, this definition generalizes the notion of projectivity.
The fact that if char K is prime to the order of G then KG is semisimple as a ring (hence

all KG-modules are projective) also generalizes in the following way

Proposition 4.1.9. If [G : H] is invertible in K then any KG module is relatively KH -

projective.
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Having introduced this new notion, we want to use it to identify an important invariant

of an (indecomposable) KG-module which measures the relative projectivity of M.

Definition 4.1.10. Let M be a KG-module. We define
V(M) = {H C G subgroup | M is relatively H-projective}

And we denote by Vo(M) C V(M) the set of subgroups which are minimal with respect

to inclusion. We call any element of Vo(M) a vertex of M.

Note that this set is not empty, since G € V(M). Also, it can be shown that both
V(M) and Vo(M) are closed under conjugation. Basically, vertices of M are the smallest
subgroups that make M relatively projective: in some sense, they measure “how far” is
M from being projective. Note that projective modules have trivial vertex. The following

lemma is very important, so we prove it

Lemma 4.1.11. Let p = charK. Then for any KG-module M, all vertices are p-groups

(meaning groups where any element has order equal to some power of p).

Proof. Let H € Vy(M), and let J C H be a p-Sylow subgroup of H. We claim that M is
relatively J-projective, which would imply the thesis by minimality of H. For any A, B
KG-modules, and £,y homomorphisms of KG-modules such that there is a KJ homomor-
phism ag : M — A with foagp =+ (as in the diagram of the definition), we want to show
that there exists o : M — A homomorphism of KG-modules with the same property.

Since [H : J] is invertible in K, it follows that Res% (M) is relatively J-projective. There-
fore there exists a KH homomorphism oy : M — A such that foa; = . Since H € V(M),
this implies the thesis. O

We are interested in a process to compute the vertices of indecomposable modules, since
this would be a huge step ahead in classifying all modules of KG. This is difficult, and
is actually an open problem in the case of G = S,, (at the moment there isn’t even any
reasonable conjecture).

In order to better understand what is going on, we want to gain a better understanding

of the block decomposition of KG.
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We consider the group G x G, that acts on KG in the obvious way

(G x G) x KG — KG
((9,h),x) = gzh™!

we can view KG as a K(G x G)-module, in which the two-sided ideals of KG coincide with
the K(G x G)-submodules of KG. Also, the block decomposition

KG = P KGe
ecl
coincides with the decomposition into indecomposable submodules in K(G x G)-mod. So
for any e € E we can consider the set Vy(KGe) of vertices of the indecomposable module.

We have the following result

Proposition 4.1.12. The K(G x G)-module KG is relatively K(6(QG))-projective , where
0 is the diagonal group inclusion § : G — G x G, g — (g,9).

Proof. This is trivial once we note that the map

G —— (Gx@)/Q)
x— (x,1)0(G)

induces an isomorphism of K(G x G)-modules KG —— Indf(ég;(K) O

Corollary 4.1.13. For any e € E, KGe has a vertex of the form 6(H) for some subgroup
H. Moreover, if K is another subgroup such that 0(K) is a verter of KGe, then H and
K are conjugate in G. Essentially, there is one and only one element in Vo(KGe) up to

conjugation. We call those conjugate groups the defect groups of the e-block.

Proof (Sketch). Since KGe is a direct summand of KG, in particular it is relatively
K(6(G))-projective. For the second one, we have that (see [Sch12](4.2.5)) there exists
an element (g,h) € G x G such that §(K) = (g,h)5(H)(g,h)~!, which implies the the-
sis. U

Remember that, as we proved before, defect groups are p-subgroups of G. We have the

following important result
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Lemma 4.1.14. Let e € E, D a defect group of the e-block. Then any KG-module M in
the e-block is relatively KD-projective.

Proof. To prove this lemma, we need that KGe as a K(§(G))-module is relatively K(d(D))-
projective. The proof of this fact can be found in [Sch12].

Denote by (KGe)2d the vector space KGe viewed as a KG-module via G = §(G). Essen-
tially, this means that the action of G is given by

G x (KGe)™ & KGe)™

(9.2) = gag™"
This module is relatively KD projective because of the previously mentioned fact. There-
fore, there exists a KD-module L such that (KGe)* is isomorphic to a direct summand

of Ind% (L). Now, consider the following diagram

M~ (KGe)™ ox M —2> M
Ve ®v

rQUhH——>2v

Where both maps are (easily) KG-module homomorphisms. The composite map is the
identity map (recall ev = v), which implies that M is isomorphic to a direct summand of
the middle term. Putting the two things together, we get that M is isomorphic to a direct

summand of Ind% (L) ®x M. Now, using the isomorphisms
Ind%(L) @x M ~ (KG ®@xp L) @x M ~KG Qxp (L @ M) ~ Ind$(L @x M)

we get the thesis (since we found a KD module S such that M is isomorphic to a direct
summand of Ind%(S) ) O

Remark. This theorem implies that a defect group of an e-block contains a vertex of any
finitely generated indecomposable module in this block. It can be seen that the defect
group occurs among these vertices, and this implies that it is actually the largest of such

vertices. In other words, defect groups can be considered as an upper bound for the vertex
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of any indecomposable module in the block.

In particular, if we consider the trivial module K, since it is indecomposable it belongs to
a block Key. We call this the principal block of KG. Note that the defect groups of the
principal block are also p-Sylow subgroups of G.

We need a notion known as Brauer correspondance. This will let us understand better
the structure of KG-modules by investigating KH-modules with the same defect group
D for some subgroup H (usually the normalizer of a p-subgroup). We will only give the

statements of the main theorems, since further details can be found in [Sch12] or [Mar08].

Theorem 4.1.15 (Green correspondence). Let H C G be a subgroup. Let V. C G be
a subgroup such that the normalizer Ng(V) C H There is a one-to-one correspondence
between isomorphism classes of KG-modules with vertex V and isomorphism classes of
KH -modules with vertex V.

Definition 4.1.16 (Brauer homomorphism). Let D be a p-subgroup of G and H a sub-
group of G such that Ng(D) C H. Define the Brauer map as the K-algebra homomorphism

Brp : Z(KG) — Z(KCg(D))

Zagg — Z agg

9cG 9€Cq (D)

Note that this map gives a one-to-one correspondence between the idempotents e such
that D is the defect group of KGe and the idempotents | such that D is the defect group
of KNg(D)], so it defined a one-to-one correspondence between the respective blocks.

Also note that for any subgroup H O N¢ (D), since Ng(D) = H N Ng(D) = Ng(D), if
we take a KH-block we have a unique KN (D)-block that is also a KNg(D)-block, which

determines a unique KG-block and therefore sets up a correspondence.

Theorem 4.1.17 (Brauer correspondence).

Let D be a p-subgroup of G and H a subgroup of G such that Ng(D) C H. For any
block A of KG having D as defect group there is a unique block B of KH such that
Brp(A) = Brp(B). Moreover, this is a bijection between the sets of blocks of KG and the
ones of KH having D as defect group.

Additionally, the Brauer correspondant of the principal block of KG is the principal block
of KH.
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The last result (known in literature as Brauer’s Third Main Theorem) is very important,
because usually the principal block is the one with the most complex structure in the
group algebra (mainly because it has the largest defect group) and this result makes it
a lot easier to work with. Note that, in general, it is not easy to describe the Brauer

correspondant of a given block.

4.2 Equivalences
Let A and B two symmetric K-algebras P. We define three types of equivalences.

Definition 4.2.1. A and B are Morita equivalent if there exists an equivalence of cate-
gories between A-mod and B-mod.

A characterization of Morita equivalences tell us that if this equivalence exists, then there
exists an exact (A, B)-bimodule M such that the equivalence is given by M ®p — and its

inverse.

Any two isomorphic rings are Morita equivalent. Moreover, any ring R is Morita equivalent
to the ring of n x n matrices over it. Another example of a Morita equivalence is given by
proposition 2.3.11.

A Morita equivalence preserves many properties, in particular simplicity, semisimplicity,
left /right Noetherian, left/right Artinian. Obviously, it also preserves exact sequences
(and hence projectivity). However, note that the involved algebras can be very different:
for instance, a Morita equivalence does not preserve commutativity, being a domain and

being a local ring. There is a useful criteria we do not prove

Proposition 4.2.2. An element e in a ring is called a full idempotent if €2 = e and
ReR = R. A property P is Morita invariant if one of the following (equivalent) facts is

true

o Whenever a ring R satisfies P, then so does eRe for any full idempotent e, and so

does every matriz ring M, (R) for any n € N.

e For any ring R, e € R full idempotent, R satisfies P if and only if eRe satisfies P.

PRecall that an algebra A is symmetric if there exists a K-linear map ta : A — K which is a trace
(ta(ab) =ta(ba)) and such that A — Homgk(A4,K), a — (b — t(ab)) is an isomorphism. Also, recall that
any group algebra KG is a symmetric algebra
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Definition 4.2.3. A and B are Rickard equivalent if there exists an equivalence of cate-
gories between D?(A-mod) and D°(B-mod).
As before, a characterization is that there exists a complex C of exact (A, B)-bimodules

such that the equivalence has the form C ®p —.

Note that if A and B are Morita equivalent, then they are Rickard equivalent. The converse
does not hold.

In [Rou00], Rouquier introduces an even weaker type of equivalence, and gives useful
characterizations of these three that highlight how they are related. Given an A-module
M, we denote by M* the A°’P-module Homg (M, K). We state his definitions (these are

equivalent to the ones given above)

Definition 4.2.4. Let M be an exact (A4, B)-bimodule. We say that M induces a Morita

equivalence between A and B if we have isomorphisms

M®p M*~A as (A, A)-bimodules
M*®s M ~ B as (B, B)-bimodules

Definition 4.2.5. Let C be a complex of exact (A, B)-bimodules. We say that C induces

a Rickard equivalence between A and B if we have isomorphisms

CepC"~A®Z as (A, A)-bimodules

C*®4C~B®Zy as(B,B)-bimodules
where A and B are viewed as complexes concentrated in degree 0, and Z1, Zs are homotopy
equivalent to 0. In this case, we call C a split-endomorphism two-sided tilting complex.

Definition 4.2.6. Let C' be a complex of exact (A, B)-bimodules. We say that C' induces

a stable equivalence between A and B if we have isomorphisms

CepC*~AaW; as (A, A)-bimodules

C*"®4C~B@®W,y as (B, B)-bimodules
where A and B are viewed as complexes concentrated in degree 0, and Wy, W5 are homo-
topy equivalent to complexes of projective bimodules.

Since it is what we are going to need, we suggest to think of these examples in the case

where C' is as well a complex with only one term in degree 0, so if we say that a bimodule
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M induces a stable equivalence we mean it in this sense.

Now it’s clear that Rickard equivalence is stronger than stable equivalence. We want to
examine the opposite situation: let M be an exact (A, B)-bimodule that induces a stable
equivalence. We have that M induces a Morita equivalence if (and only if) M ®p S is
simple for any simple B-module S.

In fact, since B is a direct summand of M* ®4 M, and M*®4 M ®p S is indecomposable
for any simple S, we get that M* ® 4 M ~ B. Moreover, since M ®p M* ~ A $® Z, and
M®g M*®4 Z =0, we have Z = 0 as well.

To prove that a Morita equivalence induces a Rickard equivalence, we need to define a
complex C. This can be done by truncating a projective resolution of M, in this way (see
[Rou00] for the proof).

Proposition 4.2.7. Let M be an exact (A, B)-bimodule which induces a Morita equiv-
alence. Let C be a complex of exact (A, B)-bimodules with homology only in degree 0,
isomorphic to M and such that any term is 0 outside {0,...,r}, and any other term is

projective but the r-th. Then C induces a Rickard equivalence

When viewing this in the context of blocks of KG-modules, it turns out a Rickard equiva-
lence is not enough to describe the situation. We are now going to give the definition of a
splendid equivalence as originally given by Rickard [Ric96]. This is not enough to describe
all the equivalences we need, but understanding this definition from Rickard is essential
to comprehend what splendid equivalences are about, and why Rouquier later generalized
it as he did in [Rou00]. The said generalization is mostly technical, so we just remind the
interested reader to the cited papers for a more detailed approach.

Before we define splendid equivalences, recall the following definition

Definition 4.2.8. Let M be a KG-module. We say that M is a p-permutation module if
for any p-subgroup of G there is a K-basis of M stabilized by the action of that subgroup.

It is clear from the definitions that the direct sum of two p-permutation modules is still a
p-permutation module: any summand of a p-permutation module is still a p-permutation
module as well. This is less trivial, but it’s proved by Broué in [Bro85]. Note that many

functors between module categories of group algebras can be seen as

— ®Rkra M : KG-mod — KH-mod
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where M is p-permutation bimodule that is projective as a left KG-module and as a right
KH- module. Examples of this include the induction functor (when G is a subgroup of
H), the restriction functor (when H is a subgroup of GG) and the projection onto a block
if G = H. So, if we require that the equivalence is given by a complex of p-permutation

modules, that is not an unreasonable request.

Definition 4.2.9 (Rickard). Let G and H be finite groups with a common p-Sylow sub-
group P, and let A and B be block algebras of G and H respectively. A bounded complex
X of finitely generated (A, B)-bimodules is said to be a splendid tilting complex © if X is
a split-endomorphism two-sided tilting complex and all its terms, considered as K(G x H)

modules, are direct summands of A(P)-projective permutation modules, where we denote

by A(P) the diagonally embedded subgroup of G x H.
Some remarks:

e Rickard himself notes that this construction applies only to principal blocks (we
need the defect groups to be p-Sylow subgroups). Since there are many occurreces
of derived equivalences between blocks whose defect group is not a p-Sylow, this
definition has to be adapted in that case, mainly identifying defect groups instead of
p-Sylow subgroups and changing “projective” to “relatively projective”. Rouquier
did that in the appendix of [Rou00].

e When we say that G and H have a common p-Sylow subgroup, we mean that we have
an embedding of P into G and H. The definition actually depends on this embedding,
and different choices can, a priori, change the splendidness of a given complex.
Actually, after we extend the definition, as long as there is no chosen isomorphism
between the defect groups of A and B we can call splendid any indecomposable
complex of p-permutation modules. However, if such an isomorphism ¢ is chosen,
we need to add the condition that the complex is made of elements that are relatively

projective with respect to {(x,¢(z))}zep C A X B .

e The additional requirement for the complex to be made of p-permutation modules
comes from the fact that the Brauer correspondant of a p-permutation module is

still a p-permutation module and this, while not directly related to the equivalence

“short for
“SPLit-ENDomorphism two-sided tilting complex of summands of permutation modules Induced from
Diagonal subgroups”
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between two blocks, makes the notion behave a lot better when we want to alter the

data (for example if we consider a subgroup of P).

Finally, we can define a splendid Rickard equivalence as a Rickard equivalence defined by

a complex C which is splendid.

4.3 An application of theorem 3.4.4

Let p be a prime number, K an algebraically closed field of characteristic p. We consider
the degenerate affine Hecke algebra H,, (1), and note that H,(1)/(X1) ~ KS,, with

Tirss; Xiv Ly = (1,4) + (2,4) + -+ (i — 1,i) ¢

A fundamental result is that the eigenvalues of L; acting on a K.S,-module lie in the prime
subfield Z/(p) C K. So, given a € Z/(p), M a KS,-module, we denote by Fp (M) the
generalized a-eigenspace of X,,. Note that this is a KS,,_1-module.

We have decompositions

KS, __ KS, _
Resier | = EB Fun Indicer | = @ Ean
ackK acK

where E, ,, is left and right adjoint to F, ,. We define

AEa::€£>Ehm ; thzeiaﬁhm

n>1 n>1
which give the following (classic) result (see, for example, [Gro99] )

Theorem 4.3.1. The functors E, and F, for a € Z/(p) give an action of the affine
Lie algebra s:[p on B,,>¢ Ko(KSp-mod). The decomposition of Ko(KS,-mod) in blocks
coincides with its decomposition in weight spaces. Moreover, two blocks of symmetric
groups have the same weight if and only if they are in the same orbit under the adjoint

action of the affine Weyl group.

In particular, for any a € Z/(p) we have a weak sl-categorification on C = P, KS,- mod

given by E,, F,.

dthese are usually called the Jucys-Murphy elements. Among the many properties of these elements,
we mention that L, commutes with all elements of KS,,_1.
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If we denote by X the endomorphism of FE, given by right multiplication by L, on each
E, 1, and denote by T' the endomorphism given by right multiplication by s,—1 on each

EynFEqn—1, it can be shown that this becomes an sla-categorification.

Theorem 4.3.2. Let A and B be two blocks of symmetric groups over K with isomorphic

defect groups. Then, A and B are splendidly Rickard equivalent.

Proof (Sketch). A known fact is that two blocks can have isomorphic defect groups if and
only if they have equal weights (see [CR08], [DK]). So the theorem above implies that
there is a sequence of blocks Ag = A, A1,..., A, = B such that A; = o,,(A4;_1) for some
simple reflection o,; of the affine Weyl group.

Theorem 3.4.4 implies that the complex of functors © associated with a; (meaning the com-
plex O that categorifies the action of the simple reflection o, j) induces a self-equivalence of
KC®(C), that restricts to a splendid Rickard equivalence between Aj and Aj;1. Composing
these equivalences, we get a splendid Rickard equivalence between A and B and we are
done. O

We have an analogue result if we consider group algebras over p-adic integers (denoted by
Zp =1imZ/ (pk) from now on), or, more in general, over complete discrete valuation rings
—

of characteristic zero with residue field of characteristic p.

Theorem 4.3.3. Let A and B be two blocks of symmetric groups over Z, with isomorphic

defect groups. Then, A and B are splendidly Rickard equivalent.

Proof (Sketch). First, we note that we can redo the same as before to construct E, and F,,
getting adjoint functors with the additional property that Ea Rz, K~ E,, Fa Rz, K~ F,.
This also gives an sly-categorification. In the same way, we can build a complex © of
functors on C = @ 7Z,Sy-mod . This is still a splendid Rickard equivalence of DY(C)
because of theorem 5.2 in [Ric96]¢ O

This theorem, along with results by Chuang, Rouquier, Rickard and Marcus, can be used

to prove Broué’s abelian defect group conjecture for blocks of symmetric groups. This is

°“Let R be a local ring, K its residue field. Let KA and KB be algebra summands of finite group
algebras KG and KH respectively, and let X be a splendid tilting complex for KA and KB. Then there is
a splendid tilting complex X for RA and RB with X ® r K ~ X, unique up to isomorphism”
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far beyond the scope of this work, but we state the conjecture anyway. A special section of
the bibliography mentions some works needed to understand the proof of this conjecture

given by Chuang and Rouquier in [CROS].

Theorem 4.3.4 (Broué’s Abelian Defect Group Conjecture).
Let A be a block of a symmetric group G over Z,, D a defect group and B the Brauer
correspondent block of Ng(D). If D is abelian, then A and B are splendidly Rickard

equivalent.

Remark. Note that if such an equivalence is found, then for each subgroup @ of D the prin-
cipal blocks of KCg(Q) and KCp(Q) also have splendidly equivalent derived categories.
We expect to find some kind of compatibility between those equivalences if we vary Q.
If we require that the equivalence is given by a complex of p-permutation modules (we
already pointed out this is not an unreasonable request), then the fact that the Brauer
construction behaves so nicely on these modules makes it easy to induce a tilting complex

between KCq(Q) and KCp(Q), that can be proved to give the splendid equivalence.
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